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Chapter 1

Introduction

Over the last 15 years, second harmonic generation (SHG) and related techniques
such as sum- and difference frequency generation have been used as non-invasive
probes of surfaces and interfaces. These second-order processes are dipole-forbidden
in materials with an inversion center, however, this symmetry is broken at surfaces
and interfaces making such second-order processes sensitive to these thin layers. In
addition, with the development of solid state femtosecond lasers the conversion of
second harmonic light on surfaces has improved dramatically. This can be shown
by a simple scaling law that relates the polarization P with the peak electric field

FE and the pulse duration 7 for the n-th harmonics:

E’n

Po — (1.1)

n

Combining short pulses, a high repetition rate and moderate power it is
now possible to generate fourth harmonic light from semiconductor surfaces below
the damage threshold. To study the crystalline surface it is important to prevent
optical damage, which requires that the average heating at the surface be minimized.
Because the conversion rates of the fourth harmonic signal are significantly lower in

comparison to second harmonic signals and because the signal scales with the fourth
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power of the incident fields, high peak intensities and short pulses are necessary. The
above requirements can be satisfied by using amplified femtosecond (fs) lasers. In

the experiments discussed here, 200 fs pulses were used.

In this work, the complete analysis for 4-th harmonic generation of all crystal
classes is presented. Also the azimuthal anisotropies of second, third and forth
harmonic generation from Si(111) and Si(110) surfaces are shown which can be

fitted well with the modeled dependence.



Chapter 2

Theory

2.1 Introduction to Linear Optics

The interaction of light with matter is mainly linear as long as the flux of photons
is moderate (1W/cm?). Under this condition the electrons are excited and upon

relaxing primary as well as secondary photons are reflected.

Macroscopically this can be described using a harmonic oscillator model. It
is assumed that only the electrons take part in the interaction and the remaining ions
are omitted. Further the electrons are assumed to be placed in a dispersive harmonic
oscillator potential that is driven by an electromagnetic wave. The equation of

motion is then given by:
mi + 2y + wix = —EE(t) (2.1)
m

where e and m are electron charge and mass, respectively. wp is the resonance
frequency of the transition and -y is a broadening parameter related to the excitation

lifetime.

For a plain wave driving field, E(t) = Epexp[i(wt — kr)], the solution to
Eq.(2.1) is:

€ EO

— (wt — 2.2
T iy it — k)] (22)

z(w,r) = —



The polarization is related to the linear susceptibility x(!) as:
P(w,r) = —Nez(w,r) = xV(w)E(w) (2.3)

and:

€2 1

2 2 ;
mwj — w* — 2wy

xP(w) =N

In three dimensions the potential may be directionally dependent and so the
susceptibility that connects the electric field vector to the polarization vector is in

general a tensor of rank two.

2.2 Nonlinear optical surface response

2.2.1 Quantum Mechanical Picture

When high electromagnetic field densities are applied to a medium, multi-photon
excitations can take place. An electron may be excited to an intermediate level,
which may be a virtual state, and then can be excited even further if the life time
of this level is long in comparison to the time constant that governs the second
absorption process. If this intermediate level is near a real state the conversion rate
is enhanced due to a longer life time. This can take place several times until the
electron relaxes again. During the relaxation process the excitation energy of the

photon is emitted. Fig.(2.1)

As in linear radiation processes, some transitions are (dipole) forbidden. The
non-linear selection rules depend strongly on the symmetry of the potential that the
electrons experience. Symmetry properties will be discussed in more detail in section

2.3.



Figure 2.1: Schematic Fourth Harmonic Generation (FHG) Process

2.2.2 Anharmonic Oscillator Model

Bloembergen [1] used the anharmonic oscillator model to macroscopically describe
harmonic generation. Deviations in the harmonic potential are taken into account
and the potential is expanded as a power series. The equation of motion for the

electrons is then given by:
mi + 2y% 4+ waz + Mz’ 4 .. = —EE(t) (2.5)
m

If the terms nonlinear in z are small they can be treated as a perturbation. The
higher-order solutions have terms proportional to ™ E™ with integers n referring
to the n-th harmonic, since the oscillating displacement results in a oscillating po-
larization that creates again an electromagnetic field with a frequency of nw. A

more detailed description can be found in [3].

2.2.3 Nonlinear Dipole Susceptibility Tensor

The constant relating the n-th order polarization to the incoming electromagnetic

fields is called the nonlinear susceptibility. It describes the generation of the non-



linear polarization by:
P=y? . EE (2.6)

As the anisotropy of the electronic potential varies along different directions the
constants, relating the n components of the incoming electric field to the polarization

vector, are in general a tensor of rank n+1.

2.2.4 Nonlinear Surface Dipole Susceptibility Tensor

At the surface of a crystal the electronic potential changes dramatically. Therefore,
the interaction of the electrons with the electromagnetic field at the surfaces differs
from the interaction in the bulk. To describe the additional resulting polarization a

surface dipole susceptibility tensor x(2% is introduced:
P=x?.EE (2.7)

Often the symmetry properties of the bulk are broken at the surface. Therefore, the
shape of the tensor can be quite different compared to the bulk dipole susceptibility

tensor.

2.2.5 DC induced higher harmonic signals

The bandstructure changes at the surface. The resulting electric DC field Ep¢
can couple with the incident electric fields and generate higher harmonics. The

polarization contribution of this process can be described in two ways. For the first

(3).

we use the third order nonlinear susceptibility tensor x5’:

(3

P=yY:EEEpc (2.8)
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Since the DC field is in the z-direction in the surface coordinate system we can write

4th,

it as Epc = f(z)€,. If we insert this expression into Eq.(2.8) the rank tensor

®3)

Xp is reduced to an effective 37 rank tensor X(g)c(z) And we obtain:
P=xY0() : EE 2.9
Xpc(2) : (2.9)

When we study the behaviour of this effective tensor under symmetry transfor-
mations we have to keep in mind that we already assigned a specific z-direction.
Therefore we may only apply symmetry transformations that keep the z-direction
unchanged. Since this effective tensor is like the surface dipole susceptibility tensor
a tensor of rank 3 and in both cases only a limited number of symmetry transfor-

mations are allowed both tensors have the same symmetry properties.

2.2.6 Nonlinear Quadrupole Susceptibility Tensor

Gradients in the electric fields can also give rise to higher harmonic generation. In

this case the nonlinear polarization is given by [4]:
P=x% . EVE (2.10)
=Xq - .
In the plain wave approximation this equation can be written as:

P=ix) : EkE (2.11)

Note that the rank of the tensor is n+2, as it connects the polarization vector to
a gradient and n electric fields. Therefore, it can also resolve up to a (n+2)-fold

rotational symmetry.



2.3 Symmetry Analysis of the Nonlinear Susceptibility Tensor

The nonlinear susceptibility tensors are described by a large number of elements. In
principle there are 3% = 243 complex elements in the case of the fourth-order non-
linear dipole susceptibility tensor. Fortunately the materials have some symmetry

properties that can significantly reduce the number of independent tensor elements.

2.3.1 Intrinsic Symmetry of Harmonic Generation

Here, we consider harmonic signals where two, three or more photons of the same
frequency couple within the material to emit a photon of double, threefold or higher

frequency. The 2-nd order polarization is given by
P;(2w) = Xiji (2w, w,w) Ej(w) B (w) (2.12)

If we interchange the last two dummy indices of x;j; we obtain an additional ex-

pression for the polarization:
Pi(2w) = Xikj (2w, w, w) Ej (w) By (w) (2.13)

Both equations must hold for arbitrary electric fields and each component of the

polarization, so we can derive the intrinsic symmetry property:
Xijk = Xikj (2.14)
In general, the last n indices of the (n+1)-th rank nonlinear susceptibility tensors

can be permuted.

For the quadrupole tensor this intrinsic symmetry is not applicable, however,
if the interacting waves come from one direction and have the same frequencies, i.e.

have the same wave vectors, the gradients of all incoming electric fields are the same.
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In this case the tensor of rank (n+2) is degenerated and the second index of the
tensor can be used exclusively for the gradient and the last n indices referring to

the electric fields can be permuted.

2.3.2 Spatial Symmetry

When the nonlinear medium has spatial symmetry, i.e. it is isotropic or has a
certain point group, it is invariant under certain symmetry operations. This requires
then that all the physical properties, i.e. the electronic potential and therefore the
nonlinear susceptibility tensors of this material, have also to be invariant.

Taking Eq.(2.6) P = x( : EE and applying a symmetry operation S, we

obtain, due to the invariance of x:

SP = x : (SE)(SE) (2.15)

= P=yx:EE=S'x:(SE)(SE) (2.16)

Since the equation must hold for arbitrary electric fields, the condition for the sus-

ceptibility is:

Xijk = Sii" Sim SknXtmn (2.17)
A simple example is inversion symmetry where Si;l = S% = —6;;. Using Eq.(2.17),
it follows: X;jx = —Xijk- Therefore x;;; vanishes completely in centro symmet-

ric materials. In general, the generation of even harmonics are forbidden in these
materials which enables us to study the quadrupole terms and the surface dipole

susceptibility tensor.



Chapter 3

Program to calculate symmetry properties of yx

3.1 Calculation method

The most general susceptibility tensor of rank n can be described by 3" independent
numbers: its components. These components can be united to a 3™-dimensional
vector v1. A vector notation is useful, since then all the tools of linear algebra are
applicable. The components of the tensor have to satisfy homogeneous equations
due to the invariance under certain symmetry operations (see Eq.(2.17)) and so do

the components of the vector v;. This equations can be written in matrix notation:
My-v1=0 (3.1)

We rewrite the vector v; as a linear combination of a basis X; with linear coefficients

A:
v = X1 - A (3.2)

So we get:
My-vy=M -X{-A=M -A=0 (3.3)

Now we want to find all possible linear combinations A that solve equation (3.3).

The general solution A; is just the nullspace of M; = M; - X. The new vector

10
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vy that satisfies (3.3) is a linear combination of a new basis Xy = X7 - A;. If an
additional symmetry operation applies, we replace v1 now with vo = X5+ A and look
for a new nullspace Ay of the new matrix My = M, - v9, and so on. After the last
symmetry operation is handled we write v as a linear combination of the last basis

z and denote it again as a tensor x.

If the intrinsic symmetry of harmonic generation is used we start already

with a smaller basis that satisfies this condition.

Note: If the material is of a crystal class with many associated symmetry
operations then it is only necessary to check, if the tensors are invariant under the

operations that generate the symmetry group.

The algorithm in an overview:

Set X7 to a basis system, that actually can already be a subsystem of the

vector space to satisfy the intrinsic symmetry.

Generate the matrix M; = [Silelq;nS{n — 0i10jmOkn]

Find all A; that satisfy M;X;A; = 0 (Nullspace of M;X1)

Calculate X9 = XA

Start with X5 and the next symmetry matrix S at point 2

The program was written using Mathematica 3.0. When the first section
of the program is evaluated the user is asked for the rank of the tensor and if the
the intrinsic symmetry of the harmonic generation should be included. The crystal
class of the material and/or additional symmetry operations can be specified as well.

After the initial procedure, the program carries out the calculation sketched above.
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The next section allows to print out all non-vanishing tensor elements and it gives
their dependence, if they are separable. When the user chooses the orientation of the
surface ! the program computes the angular dependence of the generated harmonic
field with respect to the non-vanishing tensor elements (’chi’), the linear ('lfx’, "Ify’,
'Ifz’) and nonlinear ('fx’, ’fy, ’fz’) Fresnel factors and the surface orientation in
reflection. When the user assigns values for those variables, the program can give a

plot of the expected angular intensities.
Interesting variables that are accessible after the calculations are:
e chi: susceptibility tensor in tensor form
e x: last basis for v
e outputl: all non-zero tensor elements
e output2: the separated tensor elements (if possible)

e ss, ps: angular dependence of the electric field in ss or ps polarization config-

uration

® SpX, Spz, ppx, ppz: angular dependence of the x or z component of the electric

field in sp or pp polarization configuration

In principle, the program is capable of carrying out calculations for arbitrary
large tensors and for any crystal class. The practical limit due to calculation time
and memory usage are tensors up to a rank of five or, if the intrinsic symmetry is

also used, up to a rank of six.

!The surface orientation must be given by the normal vector in the same coordinate system in

which the tensor is described
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The program for dipole tensors can be found in Appendix A. Appendix B

describes how to modify the program to handle quadrupole tensors. The angular

distribution for quadrupole components also depends on the values for the k vector

component ’kx’ along the surface and ’kz’ perpendicular to the surface within the

material. To get the plots those variables have to be set to a certain value as well.
In this case the second index of x always refers to the gradient.

3.2 Non zero Elements of y®*

This section? shows the non-zero elements for 3rd and 4th order nonlinear sus-
ceptibility tensors that also have the intrinsic symmetry of 3rd and 4th harmonic
generation. The coordinate systems used are all Cartesian and were chosen as in
the book of Wyckoff [2], except for the point group 3m to obtain the same results
for 3rd harmonic generation as in the book 'Nonlinear Optics’ by Shen [3]. If tensor
elements differ only in the permutation of the last (n — 1) indices they are equal and
so only one representative is listed. The point groups are denoted in international
notation in the boxes and are followed by the number of non-zero elements and the

number of independent parameters.

3.2.1 3rd harmonic dipole tensor elements

81 non-zero elements; 30 independent elements

all elements are independent (except intrinsic symmetry)

41 non-zero elements; 16 independent elements

*Non-zero elements of x(? are given in Refs. [3,5].
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Xzzzry Xvzzzry Xozyy: Xzzzzr Xzyyzr Xzzzzy Xyzzyr Xyzyzs

Xyyyys Xyyzzs Xzzzxs Xzzzzr Xzaxyys Xzzxzzy Xzyyzs Xzzzz

2mm, 222, mmm | 21 non-zero elements; 9 independent elements

Xzzzzs Xzzyyr Xzzzzs Xyzzys Xyyyys Xyyzzr Xzxzzs Xzyyzr Xzzzz

4, 4, 4/m | 35 non-zero elements; 8 independent elements

Xzzzz = Xyyyyr» Xzzzy — — Xyzyy> Xzzyy — Xyyzzr Xzzzz — Xyyzz,

Xzyyy = —Xyzzzs Xzyzz = —Xyzzzs Xzzzz = Xzyyzy) Xzzzz

42m, 4mm, 422, 4/mmm | 21 non-zero elements; 5 independent elements

Xzzzz = Xyyyyr» Xzzyyr Xzxzzz = Xyyzz: Xzoxzz = Xzyyzr Xzzzz

21 non-zero elements; 3 independent elements

Xzzzz = Xyyyy = Xzzzzy Xzzyy = Xyyzz — Xzzzzy Xzzzz = Xyyrz — Xzzyy

43m, 432, m3m | 21 non-zero elements; 2 independent elements

Xzzzz = Xyyyy = Xzzzzy Xzzyy = Xyyzz = Xzzzz = Xzzzz = Xyyzz = Xzzyy

3,3 | 67 non-zero elements; 10 independent elements

Xzzze = 3Xzzyy = SXyyzzr = Xyyyy» SXzzzy = Xeyyy = —Xyzez = —3Xyayy
Xzzzz = —Xwyyz — —Xyzyzs Xzzyz — Xyzzz — —Xyyyzr Xzzzz — Xyyzzr
Xzyzz = —Xyzzzy Xzzzz = — Xzoyyr Xzzzy = —Xzyyyr Xzzzz = Xzyyzs Xzzzz

3m, 3m | 37 non-zero elements; 6 independent elements
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Xzzzr = 3wayy = 3ny:ccc = Xyyyyr Xzzyz = Xyzzz — —Xyyyz>

Xzzzz = Xyyzzs Xzzzy — —Xzyyys Xzzzz — Xzyyzs Xzzzz

6, 6, 6/m | 35 non-zero elements; 6 independent elements

Xrrxxx = 3X$myy = 3waxy = Xyyyy> 3X:macy = Xzyyy — —Xyzzz = _3Xy$yya

Xzxzzz = Xyyzzr Xzyzz — —Xyzzzr Xzazzz — Xzyyzr Xzzzz

62m, 6mm, 622, 6/mmm | 21 non-zero elements; 4 independent elements

Xzzzr = 3X$$yy = Xyyyy> Xzzxzz = Xyyzzor Xzzzz — Xzyyzr Xzzzz

21 non-zero elements; 1 independent element

Xzzze = 3X:v:vyy = 3Xzzzz = 3Xyzzy = Xyyyy — 3nyzz = IXzzzx = 3Xzzyy = Xzzzz

3.2.2 4th harmonic dipole tensor elements

243 non-zero elements; 45

all elements are independent (except intrinsic symmetry)

1,2/m,mmm,4/m,4/mmm, m3,m3m, 3, 3m, 6/m, 6/mmm,isotropic

all elements vanish

122 non-zero elements; 24 independent elements
Xzzrzrs; Xrzzrrz: Xzrzyy, Xzzrzz: Xrzyyzs Xzrzzz: Xzyyyys Xzyyzz,
Xzzzzzy Xyzzzyr Xyzzyz: Xyzyyy> Xyryzz, Xyyyyzr Xyyzzzr Xzzzox,

Xzacacacza szmyya XZ$$227 szyyza XZJJZZZ? Xzyyyy’ Xzyyzza XZZZZZ
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121 non-zero elements; 21 independent elements

Xzzzrys Xzzzyzrs Xzoyyys Xzzyzzry Xzyyyzrs Xoyzzzs Xyrzzes Xyrzzzs Xyzoyyrs Xyrzzzr Xyzyyzs

Xyzzzzy Xyyyyys Xyyyzz: Xyzzzzy Xzexzoy, Xzozyzy Xzazyyy> Xzeyzz, Xzyyyzr Xzyzzz

61 non-zero elements; 12 independent elements

Xzzzzzs Xzryyzrs Xzzzzzy Xyzzyzs Xyyyyzs Xyyzzzo

Xzzzzx: Xzzxyyr Xzzzzz: Xzyyyyr Xzyyzzr Xzzzzz

60 non-zero elements; 9 independent elements

Xzzzyzy Xoyyyzs Xzyzzzy Xyzzrzs Xyzyyzs Xyrzzzy Xzrzzyr Xzzyyys Xzzyzz

114 non-zero elements; 10 independent elements

Xzzzzz = —Xyyyyzr» Xzzzyz = Xyzyyzr Xzzyyz — —Xyzzyz, Xzrzzz = —Xyyzzz,
Xzyyyz = Xyzzzzs Xzyzzz — Xyzzzzs Xzzzzr = — Xzyyyys Xzzozy = Xzzyyy»
Xzzzzz = —Xzyyzz) Xzzyzz

60 non-zero elements; 5 independent elements

Xzzzyz = Xyzyyzr, Xzyyyz = Xyzzzzr Xzyzzz = Xyzzzzy Xzezoy — Xzoyyyr Xzzyzz

109 non-zero elements; 11 independent elements

Xzzzrz = Xyyyyz: Xzzzyz = — Xyzyyzr Xzzyyz — Xyzwyz: Xzzzzz = Xyyzzzs
Xzyyyz = —Xyzzzzr Xzyzzz — —Xyzzzzy Xzzzzr = Xzyyyyr Xzzzzy — —Xzzyyy:

Xzzzyyr Xzxxzz = Xzyyzzy Xzzzzz

61 non-zero elements; 7 independent elements
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Xzzzzz — Xyyyyz> Xzzyyz — Xyzzyzr Xzzzzz — Xyyzzzr Xzezozr = Xzyyyy»

XZ.’E.’E:I/:I/) XZJJJJZZ = Xzyyzza XZZZZZ

48 non-zero elements; 4 independent elements

Xzzzyz — —Xyzyyz> Xoyyyz — —Xyzzzzr Xzyzzz — —Xyzzzzr Xzzzzy — —Xzzyyy

60 non-zero elements; 3 independent elements

Xzxzzyz — Xyzyyz — Xzayzzr Xzyyyz — Xyzzzz — Xzozzy, Xoyzzz — Xyzzzz — Xzzyyy

60 non-zero elements; 2 independent elements

Xzzzyz = Xyzyyz = Xzzyzzr Xzyyyz — Xyzzzz — Xzrzzy — Xoyzzz — Xyzzzz — Xzzyyy

24 non-zero elements; 1 independent element

Xzyyyz = —Xzyzzz = —Xyzzzz = Xyzzzz — Xzzzzy = —Xzzyyy

213 non-zero elements; 15 independent elements

Xzrrrz = 3Xa:a:yyz = 3Xy.rmyz = Xyyyyzs 3Xmmmyz = Xzyyyz = —Xyzzzz — Xyzyyzs
Xzxzzz = —Xzyyzz = — Xyzwyzzy Xozyzz — Xyzzzz — —Xyyyzz) Xzzzzz = Xyyzzz,
Xzyzzz = —Xyazzzzr Xzzzaz = SXzazyy = Xeyyyys Xzazzz = — Xeayyzs

Xzzzyz = —Xzyyyz 1Xzzzzz = Xzyyzzs Xzzzzz

Xzzzzrs Xyzyyyr Xozzzys Xyzoyy

The following non-zero tensor elements can be expressed as linear combinations of
the above independent elements
Xzzzyy = Xzzzzz T 2wayyya Xzyyyy = 3Xzzze — 4wayyy;

Xyzzoy = —2Xzzzer — 3Xyryyys Xzzyyy = Xzzzzy T 2Xyzayy,
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Xyyyyy = _2X;c;c;c;cy + Xyzzyy> Xyzzzz = 2X:c:c:cccy + 3Xy;c;cyy

117 non-zero elements; 9 independent elements
Xzzrrz = 3Xa:a:yyz = 3Xy:v:vyz = Xyyyyz, Xzzyzz — Xyzzzz — — Xyyyzzs
Xzxzxzzz = Xyyzzzy Xzzzzr — 3szxyy = Xzyyyyr Xzzzyz — —Xzyyyzs

Xzaxzzz = Xzyyzzr Xzzzzzy Xzzazyr Xyzoyy

The following non-zero tensor elements can be expressed as linear combinations of

the above independent elements

Xzzyyy — Xzzzzy + 2wawyya Xyyyyy = _2wawwy + Xyzzyy> Xyzzzr = 2Xzzzzy + 3wawyy

112 non-zero elements; 8 independent elements
Xzxzzzz = —Xxyyzz — —Xyzyzzr Xzzyzz — Xyzzzz — — Xyyyzzr Xzezezz — —Xzzyyz»

Xzzzyz = Xzyyyzs Xzzzzz: Xyryyyr Xzrzzys Xyrryy

The following non-zero tensor elements can be expressed as linear combinations of
the above independent elements

Xzzzyy = Xzzzzz + 2wayyy, Xzyyyy = 3Xerzre — 4Xyzyyya

Xyzzzy = —2Xzwzos — 3Xyzyyya Xzzyyy = Xzzzzy + 2Xyzzyy;

Xyyyyy = _2wawwy + Xyzzyyr Xyzrzzr = 2wawwy + 3wawyy

56 non-zero elements; 4 independent elements

Xzzzzr) Xyzyyy, Xzzzzz — —Xzyyzz — —Xyzyzz) Xzzzzz = —Xzzyyz

The following non-zero tensor elements can be expressed as linear combinations of

the above independent elements

Xzzzyy = X:c:c:c:c:c+2wayyy; Xzyyyy = 3X:c:c:c:cz_4Xy:cyyya Xyrzoy = _2wawww_3wayyy
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@ 101 non-zero elements; 7 independent elements
Xzzrrz = 3Xamyyz = 3Xyacacyz = Xyyyyzr Xzyyyz — 3Xzaczyz = _3Xy:cyyz = —Xyzzxz>
Xzzzzz = Xyyzzzy Xwyzzz — —Xyzzzzy Xzzzozr — 3Xz$$yy = Xzyyyy>

Xzzxzzz = Xzyyzzr Xzzzzz

61 non-zero elements; 5 independent elements

Xzzrrz = 3Xmmyyz = 3Xymcyza Xzzzzz = Xyyzzzs

Xzzzrr = 3Xz:c:cyy = Xzyyyyr Xzaxzzz — Xzyyzzr Xzzzzz

40 non-zero elements; 2 independent elements

Xxyyyz = 3X£E£E£Ey2: = _3Xy$yyz = _Xyzzzz’ wazzz = _wazzz

3.2.3 Quadrupole tensor elements

Since silicon is a centro-symmetric material its SHG and FHG dipole tensors are
zero and therefore the highest order bulk terms are determined by the quadrupole
tensor. This contribution to the higher harmonics competes with the surface dipole
terms. For THG the bulk dipole term is dominant and the surface dipole and bulk

quadrupole contributions can be neglected. Appendix E lists the non-zero tensor

elements of the 6 Ejl)c?mn

rank tensor y describing the bulk quadrupole contribution
to FHG for a crystal with m3m symmetry. Bulk quadrupole tensors for SHG are

given in Ref [5].
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3.3 Angular dependence of the signal

The following sections tabulate the lowest order contributing terms to the SHG
(surface dipole, bulk quadrupole), THG (bulk dipole) and FHG (surface dipole,
bulk quadrupole) for Si(110) and Si(111). They are used to model the experimental

results in sections and 4.5 and 4.6.

To describe the signals four different coordinate systems were used. The
crystallographic coordinate system (z,y, z) has the axis [100], [010] and [001]. The
surface coordinate system axis in the case of Si(110) correspond to the crystallo-
graphic directions [110], [001] and [110], respectively. For Si(111) the surface coordi-
nates (z',y", 2") correspond to the crystallographic directions [211], [011] and [111].
The laboratory coordinate system (zg,¥o,20) is related to the surface coordinate

system by a rotational transformation. The susceptibility tensors transform as:

¥ =R %R (3.4)
with
cos(¢p) —sin(¢) 0
R=|sin(¢) cos(¢) 0 (3.5)
0 0 1

The surface normal (crystallographic [110] or [111]) coincidence with zyp. The an-
gle ¢ is the rotation angle between the surface coordinate system and the rotated

laboratory system.

The abbreviations used in the tables are defined in terms of the angle of
incident § and the susceptibility (e, €,) of the fundamental and n** harmonic, re-

spectively, and are defined in the laboratory frame (xg, o, 29) as follows: The linear
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Fresnel factors (fy,,.) that relate the components of the electric field inside the

medium to the amplitude of the electric field outside the medium are given by:

2cos 6
fy = 3.6
Y cosf + Ve — sin? 6 (3.6)

fo = 2 cos 0V e — sin? 6 (3.7)

’ ecosf + Ve —sin? 6 .
2sin

= 3.8

! ecosf + Ve —sin? 6 (3:8)

The nonlinear Fresnel factors ( f;,(;fly),z) for the n'* harmonic signal that relate the

nonlinear polarization PV’ inside the medium to the nonlinear wave E, outside

the medium can be found in Ref. [7]. For S and P-polarized higher harmonics we

obtain:
Ej = f{MPgé, (3.9)
EY = fMPé + fMPe, (3.10)
with
_Qin2p — _ ain2
fyn) _ 47 \/en sin“ 6 \/6 sin“ 0 (3.11)
€—¢€p €n — sin’ 0 + cos
(n) _ 4\ €n, — sin? @
s = (3.12)
(Ven —sin? @ + Ve — sin® 0)(v/ e, — sin® 0 + cos 0)
7 = 2romo (3.13)

(Ven — sin® 0 + Ve — sin? 0) (Ve, — sin® 0 + cos 0)
The components of the wave vector inside the medium (k,, k,) that are interesting

in quadrupole contributions are given by:

ky = Zsin® (3.14)

k, = €n — sin% @ (3.15)

C
W
C

The amplitude of the electric field of the incident wave was set to unity.



3.3.1 Angular dependence of the signal from Si(110)

mirror plane

Non-reconstructe
Si(110) surface with
2mm symmetry

Figure 3.1: Definition of surface coordinate system Si(110)
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Table 3.1: SHG surface dipole (D°) and bulk quadrupole (QP) contributions of
Si(110)
Isotropic | Anisotropic (2¢) | Anisotropic (4¢)
S-in, S-out | D® 0 0 0
S-in, S-out | @ 0 bgs sin 2¢ cgp sin4¢
S-in, P-out | D adp b2 p cos 2¢ 0
S-in, P-out | QP agP bgp cos 2¢ ch cos 4¢
P-in, S-out | DS 0 b3 sin 2¢ 0
P-in, S-out | Q7 0 b9 sin 26 2 sinde
P-in, P-out | DS aPp b3 p cos 2¢ 0
P-in, P-out | QB agp bgp cos 2¢ cgp cos 4¢
s _ Ll.g, s s 2
asp = Efz (Xz’w’;v’ + Xz’y’y’)fy
1
bgP = _5 2(2) (Xf’w’w’ - Xf’y’y’)f;
bf’S = _fgSQ) (Xg’w’z’ - Xi’y’z’)fwfz
1
G}St':p = il(t2)(X§’$L"Z’ + Xf’y’z’)fwfz + Efz(Q)(Xf’av’w’fcg + Xf’y’y’wa + 2X§’z’z’fz2)
1
bg’P = _f;?) (Xg’w’z’ - Xi’y’z’)fwfz + §f§2) (Xf’w’x’ - Xf’y’y’)fcg

With 5 independent tensor elements (corresponding to 2mm symmetry):

S S S S S
Xl gl 2! Xy/ylzl, Xzt al o' ley/y/, Xz 25!

23
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by = —fy Xz = Xy — 2X ) ha f,)
g = 1%.1252) (X oz — Xy — 2X Sy Kia Sy
adp = 116f( ) (3% + 13x%0yy — 6X%, 0y hafy +
+—f @ (2xGrz + 3X ey — 2X )2 Sy
b5p = 4 O (e = Xy — xSy b fy
cdp = —13—6f;§2)(xﬁm XZouy — 2Xyay) ka1
8B = oI 0%n ~ Xy~ ) (haf? — A fof. — 26 7)
Py = —f—ﬁféz)(xfm XLy — 2X 0y Eia f2
agp = 1161”( Y OXZrzz + Tx gy + 14xE0 Ko fr +
+;(f 5OV X r0 — Xy + Xy S +
+—f O (Xzz + 2X Sy + 2X Sz o fuf +
+5 f V(X Srzz + 3Xyy — 2X Sy ke fa +
+—f V(X rw + 2X oy + AX Sy Ko I
bRp = 4 O (X we = Xoyy — 2XZ0y)kafr +
+5 f V(X rza = XSoyy + 2Xyay) (—2kz fofo + ko f7) +
+- f V(Xozz — XLy — 2X20) (b fo + 2k f2) fo
Ep = ‘[fz ) (X0 — Xy — X)) (b fo + 2k f2) f +

\/_

f (Xzzam X:c:cyy 2wazy) wf;c

With 3 independent tensor elements (corresponding to m3m symmetry):

X:ng:cz = Xg?yyy = Xzsz27 Xa?wyy = X;?sczz = Xg?yzz = Xg?yzz = XéQz;c:c = X?zyy’ Xa?ywy -

X:?zwz = ngwy = Xg?zyz = X?xzz = X?yyz



Table 3.2: THG bulk dipole contributions of Si(110)

Isotropic | Anisotropic (2¢) | Anisotropic (4¢)
S-in, S-out ass bss cos 2¢ css cosd¢
S-in, P-out 0 bsp sin2¢ cspsindg
P-in, S-out 0 bpg sin2¢ cpg sindg
P-in, P-out app bpp cos2¢ cpp cosdg
3 .3) 3
ass = Efy (3X$$$$ + 7wayy)fy
1
bss = _Zf:,53) (Xmmmm - 3Xacacyy)f§’
3
css = Efgsg) (X:c:c:c:c - 3wayy)f5
1
bsp = —gf;,(;?’) (Xmmmm - 3meyy)f§)
3
csp = Efézﬂ (X:vzzz - 3X:rzyy)f§
1
bps = —gff’) (Xowzz — 3Xazyy) (f;f - 6f22)fz
3 .3 3
cps = _Efy (X;m;m - 3X$$yy)fa:
3 .3 2 2
app = Efw ((3chcccccc + 7X:cccyy)f;c + 4(waww + Xxwyy)fz )fw +
L .3 2 2
+Zfz (3(Xmmmm + meyy)fx =+ 2(Xacaczac + 3X$$yy)fz )fz
1
bPP = Z (X:czscx - 3Xsmyy) (f$(3) (f;? - 3sz)f:c - 3fz(3)f:?fz)
3
cpp = Efa(cs) (waww - 3mey)f§’

With 2 independent tensor elements (corresponding to m3m symmetry):

Xzzzr = Xyyyy — Xzzzz

Xzzyy = Xzzzz — Xyyzz — Xyyzz — Xzzzz = Xzzyy
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Table 3.3: FHG surface dipole (D°) and bulk quadrupole (QF) contributions of
Si(110)

Isotropic | Anisotr. (2¢) | Anisotr. (4¢) | Anisotr. (6¢)
S-in,S-out | D° 0 0 0 0
S-in,S-out | QP 0 b sin 2¢ 2 sin4e d%sin 6
S-in,P-out | DS agp bgp cos 2¢ cgp cos4¢ 0
S-in,P-out | QP agp bgp cos 2¢ ch cos 4o dgp cos 6¢
P-in,S-out | D 0 b3 sin2¢ s sindg 0
P-in,S-out | QP 0 b2, sin 2¢ 2 sin 4¢) d% sin6¢
P-in,P-out | DS adp b3 p cos 2¢ cpp cos de 0
P-in,P-out | QP agp bgp cos 2¢ cgp cos 4o dIQDP cos 6¢
3
) 4 S S S 4
agp = gfz( )(lemll.la;lml + 2Xz’a:’m’y’y’ + Xz’y’y’y’y’)fy
1
S 4 S S 4
bSP = Efg )(ley/y/y/y/ - lewlzlwlxl)fy
1
S 4 S S S 4
Csp = gfz( G e Xz araryy + Xeryyyy ) fy
S 4 S S S S 3
bPS = _fgs )(Xac’w’ac’z’z’ + 3Xac’z’y’y’z’ - 3Xy’$’m’y’z’ - Xy’y’y’y’z’)fxfz -
4 S S 3
—2f:l$ )(Xa:’w'z’z’z’ — Xylylzlzlzl)fwfz
1
S 4 N S S S 3
Cps = _Efgs )(Xm’x’m’z’z’ - 3X1"x’y’y’z’ - 3Xy’m’m’y’z’ + Xy’y’y’y’z’)fa:fz
3
S 4 S S S S 3
app = —fJ(‘. )(lezlzlmlzl + Xmll.lylylzl + Xylzlzlylzl + Xylylylylzl)fmfz +

2

+2fa(:4)(X§’w'z’z’z’ + ng’y’z’z’z')f:vfg +

3 4 S S S 4
+§fz( )(Xz’cc’a:’cv'.’t' + 2lewlwlylyl + leylylylyl)fw +

4 S S 2 r2 S 4
_l_f; )(3(Xz’:1,"a:'2'2’ + leylylzlzl)fzfz + ley/y/y/y/ fz)
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S 4 S S 2 S S 2
bPP = 2fa(‘. )((Xa;lmlmlzlzl - Xylylylylzl)fa; + (X:L.Il.lzlzlzl - Xy/y/zlzlzl)fz)fzfz +
Lo@yos s 4 (S s 2 2
+§fz( )((lezlzll.lml - leylylylyl)fz + (lezlmlzlzl - leylylzlzl)fzfz)
LS

S _ S S S 3
Cpp = §f1‘ Xa'z'o'x' ' — 3lezlylylzl - 3Xyll.la;lylzl + Xylylylylzl)fmfz +

Ly, s s s 4
+§f§ )(Xz’a:’a:’x’a:’ - 6Xz’x’$’y’y’ + Xz’y’y’y’y’)fa:

With 12 independent tensor elements (corresponding to 2mm symmetry):
Xg’m’w’ac’z” Xi’w’y’y’z” Xg’m’z’z’z” Xg’m’w’y’z” Xg’y’y’y’z” Xg’y’z’z’z” Xf’x’m’m’m” Xf’m’m’y’y”
Xf’:c’cc’z’z” Xf’y’y’y’y” Xf’y’y’z’z” Xf’z’z’z’z’

The coefficients for the quadrupole contribution (corresponding to m3m sym-

metry) are very long expressions and are therefore listed in appendix E.

The tables for the 3m symmetry differ from those prepared by Yun-Shik Lee

because a different surface coordinate system was used.

3.3.2 Angular distribution of the signal from Si(111)

A
[017] § y"

Non-reconstructe mirror plane

Si(111) surface with B S— »

3m symmetry [211] x

Figure 3.2: Definition of surface coordinate system for the Si(111) surface



Table 3.4: SHG
Si(111)

surface dipole (D°) and bulk quadrupole (QF) contributions of

Isotropic | Anisotropic (3¢)
S-in, S-out | D¥ 0 bgs sin 3¢
S-in, S-out | QP 0 b3 sin 3¢
S-in, P-out | D¥ adp b2 p cos 3¢
S-in, P-out | QP || a%p b2y, cos 3¢
P-in, S-out | D% 0 b3 sin 3¢
P-in, S-out | Q 0 b2 sin 3¢
P-in, P-out | D¥ aPp b3 p cos 3¢
P-in, P-out | Q% | a%p b cos 3¢
S S

bSS = fgSQ) X! g fi‘?

agp = fz(2) Xg”:t”:t” f;

bgp = —f:£2) Xg”a:”a:” f;

bg’S = _fgSQ)Xg”:c”:c” f:?

a]SJP = 2f:§:2)X§”z”z” fwfz + f§2) (Xf]!wllxll fz + Xf”z”z” fz2)

bISJP = f:E.Q) Xg”:z”a:" f:?

With 4 independent tensor elements (corresponding to 3m symmetry):

S _=
Xz gt g

_Xguyuyu =

_Xgllyllwllg Xi”w”z” = Xguyuz//, Xf{/wl/a;//

= Xf”y”y” , Xfﬂ P

28
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bds = \6[ O (Xrrz — Xy — 2Xz )bz fy
adp = 6 O (X Dz + 5X Dy — 2% 0 Vha fo +
+—f§2) (2XZeze + X gy — XSz ko f
by = \6[ O (X ze + Xy + 2XL 0 Vh fo +
+§f§2) (—Xeze + Xoyy + 2X S0y ki Sy
b5 = —?f O (X Dae = XSy — 2} 0y) (ke fo + o f2) fo
aPp = 3 LD (e + Xy + 2X i S +
+§f£2) X2z — XSy + XSy )z faf +
%ff) (XSwzz + 2XTuyy — 2Xyay)kzfofz +
27O 0G0+ 2y — 2 f2
+§f§2) (XZrze — X gy + Xy bafu s +
27O 0G 00+ 2y + Xy S
bEp = f O (oo = Xy — 2Xyay) (e + 2haf2) fo +
+§f§” (Xroo = Xdewy = 2x Gy a7

With 3 independent tensor elements (corresponding to m3m symmetry):

X:Cg:cww = X?yyy = X?zzz’ ngyy = X;?yzz = X?yww = Xg?yzz = X?z:c:c = Xzszy’ Xsci?y:vy -

Xszmz = Xg?a:a:y = Xg?zyz = X?zmz = Xznyz



Table 3.5: THG bulk dipole contributions of Si(111)

Isotropic | Anisotropic (3¢)
S-in, S-out ass 0
S-in, P-out 0 bspsin 3¢
P-in, S-out 0 bpgsin3¢
P-in, P-out app bpp cos 3¢

ass =
bsp =
bps =

app =

bpp =

With 2 independent tensor elements (corresponding to m3m symmetry):

Xzzzr = Xyyyy = Xzzzz

1

§f353) (Xmmw + 3wayy)f5
V2
?fé?)) (Xxwxw - 3X:c:cyy)f§

1
- ﬁfgs?)) (Xxwxw - 3wayy)fg2;fz

1
§fa(c3)((X:c:c:c:c + 3wayy)f3 + 2X;cwwwfz2)fzc +

1
+§fz(3) (3wawwf§ + (waww + 6X;czcyy)fz2)fz

1
Efég) (waww - 3wayy)f3fz +

V2

2
+?fz(3) (waww - 3X;czcyy)f;§

Xzzyy = Xzzzz — Xyyzz — Xyyzz — Xzzzz = Xzzyy
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Table 3.6: FHG surface

31

dipole (D) and bulk quadrupole (QF) contributions of

Si(111)
Isotropic | Anisotropic (3¢) | Anisotropic (6¢)
S-in, S-out | D® 0 bgs sin 3¢ 0
S-in, S-out | QP 0 b sin 3¢ ¢ 5 sin 6¢)
S-in, P-out | D adp b2 p cos 3¢ 0
S-in, P-out | QP agP bgp cos 3¢ ch cos 6¢
P-in, S-out | D¥ 0 b3 sin 3¢ 0
P-in, S-out | Q? 0 ijJS sin 3¢ chJS sin 6¢
P-in, P-out | DS aPp b3 p cos 3¢ 0
P-in, P-out | QB agp bgp cos 3¢ cgp cos 6¢
4).,S 4
bSS = f?s )Xx”x”a:”z”z” fy
4 S S 4
asp = _fa(r ) (Xw”w”w”w”w” + 2Xx”w”w”y”y” )fy
4)..S 4
bSP = fz(: )XZ”:C”:C”.’E”QL‘” fy
4 S 2 S 2 S 2\ p2
bPS = — 15 )(X:C”:C”:C”.’E”.’E” f:C + 2quzuzuyuyu f.CC + 6X;c”z”z”z”z” fz)fw
app = 4f:£‘4) (X:f”:t”:t”:t”z” fgfz + Xg”w”z”z”z” fz.f?) +
4 S 4 S 2 p2 S 4
+fz( ) (ina;na;nmumu fm + 6lelmllmllzllzll f;L‘ fz + X o1 0 511 11 11 fz )
4 4 4
bPP = fis: ) (Xguwuwuwuwu fCE + 6X£]lw1lwllzllzll fw2 fz2) + 4f§ )Xfuwuwuwuzu f:g’fz

With 7 independent tensor elements (corresponding to 3m symmetry):

S S _ S _ S — S S
X.’,C”.CC”Z‘"Z‘”Z‘”’ X.’,C".’,C"Z‘”:I:”z” = 3quwuyuyuzu = 3Xy”z”x”y”z” - Xy”z”y”y”y”’ X;c”z”z”y”y”’

S
X! g g o1 11

S S
Xy Yyl Yy Xt g it gt o

_ S S _ S S _ S _
= quyuyuznzu, Xz gl g1 1 g1t = Xy//yuzuzuzu, X gh gt g gl = 3X2kuwuyuyn =

— _\S S — S S
Xz"ac”y”y”z”’ X gt gt ot 11 511 quyuyuzuzu, X 11 11 511 1 11
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The following non-zero tensor elements can be expressed as linear combinations of
the above independent elements
Xi”y”y”y”y” = _Xg”m”m”m”m"_2X§”x”x”y”y”7 Xg”z"m”m”y” = _%Xg”x”m”x”m"_%Xi”x”x”y”y”’
Xg”a:”y”y”y” = _Xi”m”m”m”m” + %Xi”a:”a:”y”y”
The coefficients for the quadrupole contribution (corresponding to m3m sym-

metry) are very long expressions and are therefore listed in appendix E.



Chapter 4

Experiments

4.1 Setup
Innova 400
Mirror \
Mira Sample ===
RegA Polarizer [\
Filter —
Lens R
Iris - =

Prisn Q

Figure 4.1: Ezperimental Setup

The laser light source used in these experiments consists of three stages. An
ArT-ion laser (Innova 400, Coherent) provides a 24 W continuous wave pump beam
in multi-visible mode. The beam enters a Ti:sapphire laser (Mira 900-B, Coherent)
that can be passively mode locked and gives 120 fs pulses at a repetition rate of

78 MHz. These pulses then enter a regenerative amplifier (RegA, Coherent). An
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acousto-optical modulator (AOM) inside the RegA is used to insert the pulses from
Mira into the amplifier cavity. The pulse travels about 24 round trips each time
passing through a titanium doped sapphire crystal, which is pumped by the Ar™-
ion laser. During the 24 cycles the pulse is stretched as it passes through the AOM.
After the pulse is ejected via the AOM, it passes through an optical isolator and a
four pass compressor. The system generates 200 fs pulses at a repetition rate of 250
kHz and an energy of up to 5uJ per pulse. Pulses from both Mira and RegA are

monitored by an autocorrelator.

When the pulses enter the experimental setup they pass an adjustable neu-
tral density filter which adjusts the input power. With a half~-wave plate and a cube
polarizer the polarization state can be defined as well. After passing a red glass
filter, to eliminate possible SHG from the optics, the beam is focused down onto
the sample by a 35-cm focal lens. The optical response of the sample (reflected fun-
damental, SH, TH, FH) emerges collinearly. The beam is then re-collimated again
by a second lens with a focal length of 5cm. Then the frequency components are
spatially separated using a Pellin-Broca prism that is placed on a rotational stage
so that different harmonic signals can be chosen. The polarization is analyzed using
a Rochon prism. The signal then passes the appropriate filters and is detected by a

photon counter PMT.

4.2 Alignment

The daily alignment procedure for the laser system can be found in the appropriate
Coherent manuals. Irises are included in the setup to reproduce the beam from day

to day.
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When the sample is changed, the orientation of the new sample with respect

to the rotational axis must be aligned precisely, otherwise the reflected beam wanders

while the sample is rotated which then causes an unwanted azimuthal dependence

of the signal. The alignment procedure used here is as follows:

Insert a mirror between sample and re-collimating lens.

Close the iris directly in front of the sample to select only a small part of the

beam.

Monitor the reflected beam on a white card, at low intensities an IR-viewer
useful. For fine adjustment one can use a sheet of paper attached to the wall

(~ 2 meters away) as a monitor.
Mark the initial position on the card/paper.
Rotate the sample by 180°.

Use the tilting screws at the sample holder to steer the reflected at a point

midway between the initial and final positions.
Repeat the last three points until the spot only moves up and down.

Since the resolution is better in the left-right direction than in up-down, it is

best to rotate the sample by 90° and use the card again.

Set sample holder again to the initial position.

If a different harmonic signal is selected, it is necessary to rotate the Pellin-

Broca prism. For proper alignment the reflected beam should be perpendicular to
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the incident beam (Fig.(4.2)). A trigonometric analysis reveals that the angle of

incidence « should satisfy the following condition:

sina = nsinf = nsin(d — 45°)

For 6 = 79.5° we obtain the following incident angles:

A n(w) a(w)
800nm | 1.45332 | 55.40°
400nm | 1.47012 | 56.38°
266nm | 1.49968 | 58.15°
200nm | 1.55051 | 61.42°

Figure 4.2: Schematic of the beam path through the Pellin Broca prism

(4.1)

Since each harmonic signal exits the prism at different spots, adjustment

with a translational stage is sometimes necessary to direct the beam into the PMT,

especially when changing to or from fourth harmonic measurements. Fine adjust-

ments can be made by monitoring the count rates on the PMT while rotating and

moving the prism slightly. To find the second harmonic signal it is convenient to

use a frequency doubler such as LiNbOj3 in transmission to track the strong signal.

Since the angular dependence and the signal level are sometimes extremely
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Dependence of FHG Signal on Analyzer
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Figure 4.3: Dependence of the FHG signal from Si(110) in P-in, S-out configuration

on the position of the analyzer; ps-6 is 6° from the optimal position

sensitive to the chosen polarization (Fig.(4.3), Fig.(4.4)) it is important to check the

polarizer orientation by the following:

e Insert a microscope slide directly behind the polarizer.

e Adjust until the reflected light travels back along the direction of the incident

beam.

e Rotate the glass slide around an axis perpendicular to the table and look for a
minimum of the reflected light. The position should then be near the Brewster

angle.
e Rotate the polarizer and glass slide until the reflected light vanishes.

e The beam is now fully p-polarized.
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Dependence of THG Signal on Analyzer
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Figure 4.4: Dependence of the THG signal from Si(110) in P-in, S-out configuration
on the position of the analyzer; between each measurement the analyzer was rotated

by 1°.

4.3 Data Processing
4.3.1 Dark Counts
The dark counts were in all cases extremely low, therefore it was not necessary to

subtract this contribution from the data. For FHG the dark counts were as low as

1 photon in 10 seconds.

4.3.2 Correction for high count rates

All count rates were treated with a correction formula. But only at high count
rates the treatment made a difference. High count rates were accounted for in the

signal by the following. The photon counting PMT only detects if a photon arrives
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within the 200 fs of a pulse, but it cannot resolve how many photons arrive. If the
count rate is low, only a few photon reach the PMT and so it is unlikely that more
than one photon arrives within one pulse duration. When the count rate is higher
the probability of more photons per count is also higher, but they are not counted
separately. However, the number of counts is related to the number of detected

photons.

When the pulse hits the sample each of the n electrons has a probability
p to create a higher harmonic photon that reaches the PMT. Using ¢ = 1 — p the

expectation value r of the number of radiation events per pulse is simply given by:
r=np= n(l — q) (42)

The probability ¢ that the PMT counts a photon is simply 1 minus the probability

of no count. With ¢ from Eq.(4.2) we get:

n

r n
c:l—qn:1—<1——> (4.3)
If we assume the number of electrons to be large (n — co) we obtain:
c=1—¢" (4.4)

After solving the equation for r the final relation between the probability of a count

and the actual expectation value of the radiation events is given as:
r=—In(l—¢) (4.5)

If we measure the signal of N pulses the actual count rate is C = Nc¢ and the actual
radiation events are R = Nr. When we insert these quantities in Eq.(4.5) and solve

for R, we obtain the correction formula for the radiation events:

R=-Nn (1 _ %) (4.6)
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Figure 4.5: Relative errors in R with and without correction formula for a mazimal

count rate N = 250000 and AN/N = 1%.

By using this formula, systematic errors at high count rates can be eliminated.
Fig.(4.5) shows the total error' that accumulates when the correction formula is
used in comparison to the statistical and systematic errors that occur when the

correction formula is not used.

4.3.3 Detector Efficiency

In order to relate the number of counts to the size of the susceptibility an analysis
of the detector efficiency as well as a measurement of the pulse duration and peak

intensity was necessary.

. ~1 .. .
1Statistical error \/I_i( ) and error due to variation of maximal count rate N
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After the higher harmonics are generated the beam passes through a re-
collimating lens, a Pellin Broca prism, a Rochon Prism and filters before finally
reaching a PMT that can be described by a certain quantum efficiency. The esti-

mated transmittance is summarized in the following table:

SHG | THG | FHG

lens B%|92% | 91%
Pellin Broca prism (s-pol.) || 74 % | 70 % | 63 %
Pellin Broca prism (p-pol.) || 65 % | 61 % | 55 %

Rochon polarizer 9B % |92% | 91%
filter 80% | 13% | 17 %
PMT 25% | 256 % | 16 %
total (s-polarized) 1B3%[19% | 14 %
total (p-polarized) 11%(1.7% | 1.2%

4.3.4 Beam Characterization

As mentioned in the introduction, the higher harmonic generation depends strongly

on the incident electric peak intensity and the pulse duration.

The pulse duration can be measured by autocorrelation where the setup is
commonly known as a Michelson interferometer. While one mirror of an interferom-
eter stays fixed the other is moved by microns. The recombined beams are focused
onto a frequency doubler crystal (KDP) and the generated SH signal is measured
by a PMT. Fig.(4.6) shows the result. The data were fit with a Lorentzian. To de-
termine the pulse duration of the deconvoluted pulse it was necessary to halve the

FWHM of the autocorrelation function. The pulse duration obtained is 7 = 200f s.
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Figure 4.6: Measurement to determine the pulse duration

4.4 Checks for Fourth Harmonic Signal

4.4.1 Power dependence of fourth harmonic signals and determination

of damage threshold

As discussed earlier the fourth harmonic signal scales as the fourth power of the
incident power. Fig.(4.7) shows the power dependence of the FH from Si(111) in the
P-in, P-out configuration. The fit curve has a slope of 4, indicating the 'cleanness’

of the signal.

The deviation of the data from the curve at higher incident powers can be
explained. The FHG signal from Si(111) is mainly generated at the surface. At a
certain level of incident power the surface is damaged and the signal drops. Since

the value of the damage occurs at flux rates of about 0.1cmi2 which corresponds to

a damage intensity of 5 - 10711 cmiz’ we can calibrate the data.
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Figure 4.7: Intensity dependence of FHG for Si(111), P-in, P-out configuration

4.4.2 Leakage of other Harmonics

Finally, it is important to consider whether non-fourth harmonic contributions have
leaked into the signal. After a proper alignment for FHG measurements the az-
imuthal dependence of non-fourth harmonic components were measured by placing
additional filters for the appropriate wavelengths of fundamental, SH and TH be-
tween the Pellin-Broca prism and the fourth harmonic bandpass filter. Fig.(4.8)
shows the results. The nearly zero counts for the fundamental and second harmonic
light proves the absence of these contributions. Using the additional THG filter
the counts match very well with the 2% transmittance of FHG by the TH filter.

Therefore, leakage of other non-fourth harmonic components into the signal is not
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Figure 4.8: Measurement of possible leakage of other frequencies to the FHG signal

occurring.

4.5 Study of Si(110) Surface

4.5.1 Second Harmonic Signal

The SHG signals from Si(110) presented in Figs. [4.9] thru [4.12] are fitted in terms
of surface dipole, DC-induced and quadrupole polarizations (see Table 3.1). The
additional four-fold anisotropic quadrupole terms are necessary to fit the plateaus
in the P-in, P-out and S-in, S-out signal. With this terms the y?-value could be
lowered by a factor of 0.5. The best fits for not included bulk quadrupole terms
are indicated by gray lines in the graphs. In addition the four peaks in the P-
in, S-out configuration seem to be unequally spaced which indicates also a four-

fold contribution in the polarization. However, the signal is not as clean in this
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configuration. Therefore the possible four-fold polarization contribution has a high
uncertainty and the phase shift between two-fold and four-fold contribution to the
polarization could not be determined in this case. The high counts in S-in, S-out
configuration originate from damaged spots on the sample. To obtain the errors in
the fit parameters they were changed slightly until the deviation of the resulting

curve from the fit curve was not acceptable any more.

The used fit functions are:
P-in, P-out: |aye™® + bype® cos(24) + cpp cos(4¢)|?
where appeia = agp + al%, bppew = bgp + bﬁ,, Cpp = cf,?p

app =129+ 2, by, = 36 + 4, ¢pp = 7.0 + 3,0 = 142° + 60°, 8 = 110° + 50°

P-in, S-out: |byse sin(2¢) + cps sin(4¢)|?
where bpsew = b;?s + bz%, Cps = CI%

bps = 37 £ 2,¢ps = 3£ 9, 8 = 300° & 360°

S-in, P-out: |aspet® + bspe' cos(24) + csp cos(4¢)|?

where azpe'® = assp + aSQp, bspezﬂ = bfp =+ bst, Cop = chp

agp = 62.5 £ 3,bsp = 17.4 £3,¢5p = 3.2+ 2,0 = 209° £ 50°, 8 = 12° £+ 35°

S-in, S-out: 0
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Figure 4.9: SHG from Si(110) in P-in, P-out configuration at input power of 40mW
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Figure 4.10: SHG from Si(110) in P-in, S-out configuration at input power of 40mW
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Figure 4.11: SHG from Si(110) in S-in, P-out configuration at input power of 40mW
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Figure 4.12: SHG from Si(110) in S-in, S-out configuration at input power of 40mW
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4.5.2 Third Harmonic Signal

The THG signal from Si(110) presented in Figs. [4.13] thru [4.16] is well described
by the dipole bulk polarization. It is extremely hard to isolate the P-in, S-out and
S-in, P-out configurations as the signal levels of P-in, P-out and S-in, S-out are 600
and 60 times higher, respectively. If the analyzer is not aligned within fractions of
a degree the leakage for this high (PP and SS) signals obscure the signal of PS and
SP. As a large signal the leakage from PP is more severe. But in to case of the
PS configuration the nearly s-polarized electric field contributes to the interaction
with its third power and therefore the effect of the small fraction of p-polarized
light is suppressed. Nevertheless it is not possible to fit the azimuthal dependence
of the third harmonic signal in SP configuration satisfactorily, but it still gives an

indication about the relative size of the signal.
The used fit functions are:
P-in, P-out: |ay,e™® + bype™ cos(24) + cpp cos(4¢)|?

app = 147 £ 3,byp = 24 + 4, ¢pp = 12.5 + 3,0 = 194° + 8°, 8 = 330° + 15°

P-in, S-out: |byse™ sin(2¢) + cps sin(4¢)|?

bps = 4.4 + 0.3, cps = 8.8+ 0.4, 8 = 0° + 40°

S-in, P-out: |bspe® sin(26) + csp sin(4¢)|?

bps = 5.5+ 3,cps = T+ 2,8 = 145° & 360°

S-in, S-out: |asse® + bsse™ cos(2¢) + css cos(4g)|?

app =49+ 1,byy = 9.3+ 2,¢pp =43+ 1,0 = 163° £ 8°, 5 = 212° £ 10°
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Figure 4.13: THG from Si(110) in P-in, P-out configuration at input power of 6mW
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Figure 4.14: THG from Si(110) in P-in, S-out configuration at input power of 6mW
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Figure 4.15: THG from Si(110) in S-in, P-out configuration at input power of 6mW
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Figure 4.16: THG from Si(110) in S-in, S-out configuration at input power of 6mW
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4.5.3 Fourth Harmonic Signal

The FHG signal from Si(110) presented in Figs. [4.17] thru [4.20]. The signal is
relatively strong in P-in, P-out configuration and has a reliable azimuthal depen-
dence. It signal is well described by the surface dipole polarization and DC induced
polarization. Only in the S-in, P-out configuration the additional term proportional
to cos(6¢) that originates from the quadrupole polarization improved the fit curves
significantly and reshaped sharper peaks. Even with an hypothetic offset this peaks
could not be fit just by dipole terms. Due to the low intensity and the small number
of counts in this configuration this measurement gives only an indication of the im-
portance of the bulk quadrupole contribution for fourth harmonic generation. The
isotropic counts in S-in, S-out configuration are far above the level of stray light in
the room as the dark count rate for this experiment was approximately 1 count in
10 s. This experiment was repeated after cleaning the surface with acetone to check
whether these counts originate from surface termination but no change was detected.
A possible source could be a rough Si/Si0O; interface which was not removed by the
cleaning. One way to check this assumption would be to create additional roughness
by etching the surface. A more convincing way would be to remove the oxide layer,

anneal the sample and take the measurements under UV-conditions.

The used fit functions are:
P-in, P-out: |aype™® + bype'® cos(24) + cpp cos(4¢)|?

where appeia = afp +a¥ bppew = bgp )

— .S Q
pp? pp? Cpp = Cpp + Cpp

app = 35.4 4 0.6, by, = 15.8 £ 1.0,¢pp = 11.0 + 1.3, = 342° £ 5°, 3 = 157° + 5°

P-in, S-out: |byse™ sin(2¢) + by sin(4¢)|?
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where byse® = b, + b9, ¢ps = b5, + 5,

aps = 4.1+ 0.8,by, = 6.2+ 0.6, 8 = 90° + 5°

S-in, P-out: |asye™® + bgpe™ cos(2¢) + cspet? cos(4g) + dsp cos(6¢)|?
where aspem = afp + a%, bspeiﬂ = bfp + bst, cspei'y = fp + cg,, dsp = dg,
asp = 4.36£0.12, by, = 1.840.3, ¢;p = 0.440.4, d,, = 0.63+0.38, o = 332°+£30°, 8 =

188° £ 30°, v = 86° £ 30°

P-in, S-out: 0
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Figure 4.17: FHG from Si(110) in P-in, P-out configuration at input power of
350mwW
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Figure 4.18: FHG from Si(110) in P-in, S-out configuration at input power of

350mwW
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Figure 4.20: FHG from Si(110) in S-in, S-out configuration at input power of
350mW
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4.6 Study of Si(111) Surface

4.6.1 Second Harmonic Signal

The azimuthal dependence of the SHG signal from Si(111) is shown in Figs. [4.21]
thru [4.24]. In all polarization configurations the derived functions with maximal
three free parameters fit the data excellent. It is impossible to distinguish the

contributions form the surface dipole and bulk quadrupole tensor (see Table 3.4).

The fit functions are:
P-in, P-out: |ay,e®® + by, cos(3¢)[?
where ape® = ab, + a3, by, = b5, + b3,

app = 162 + 5, by, = 208 + 6, = 144° + 2°

P-in, S-out: |b,s sin(3¢)|?
where bys = bgs + b]?s

bps = 148 + 3

S-in, P-out: |aspe™® + byp cos(36)[2
where a;,e'® = afp + a%, bsp = bfp + bst

asp = 81.2 +4,by, = 98.4 + 4,0 = 133° + 3°

S-in, S-out: |bss sin(3¢)|?
where bss = b3, + b%

bes =79+ 4
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Figure 4.21: SHG from Si(111) in P-in, P-out configuration at input power of 40mW
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Figure 4.22: SHG from Si(111) in P-in, S-out configuration at input power of 40mW
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Figure 4.23: SHG from Si(111) in S-in, P-out configuration at input power of 40mW
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Figure 4.24: SHG from Si(111) in S-in, S-out configuration at input power of 40mW
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4.6.2 Third Harmonic Signal

The THG signal from Si(111) presented in Figs. [4.25] thru [4.28] is well described
by the dipole bulk polarization (see Table 3.5). The P-in, P-out signal is relatively
smooth but the data can be fitted over a wide range of the fit parameters b,, and
«, when they are changed simultaneously. Like for Si(110) it is extremely hard to
isolate the P-in, S-out and P-in,S-out configurations, as the signal levels of P-in, P-
out and S-in, S-out are even 600 and 6000 times higher, respectively. While the six
peaks of the S-in, P-out signal changed only their heights near the optimal position
of the polarizers, the signal from the S-in, P-out configuration did not show the
expected six equally high peaks. The only information from the SP polarization

configuration is that the signal is very weak.
The used fit functions are:
P-in, P-out: |a,,e'® + by, cos(34)?|?

app = 305 £ 3,byy = 25 12, = 41° + 20°

P-in, S-out: |by, sin(3¢)|

bys = 13.7+ 0.5

S-in, P-out: |bsy, sin(3¢)|?

bps = 4.1 £ 4 (bad fit)

S-in, S-out: |ass|?

app = 152 + 24
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Figure 4.25: THG from Si(111) in P-in, P-out configuration at input power of 6mW
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Figure 4.26: THG from Si(111) in P-in, S-out configuration at input power of 6mW
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Figure 4.27: THG from Si(111) in S-in, P-out configuration at input power of 6mW
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Figure 4.28: THG from Si(111) in S-in, S-out configuration at input power of 6mW
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4.6.3 Fourth Harmonic Signal

The fit functions the FHG signal from Si(111) shown in Figs. [4.29] thru [4.32] have
to include bulk quadrupole terms with their unique six-fold azimuthal contribution
in order to model the unequal distance between the peaks in the P-in, S-out and
S-in, S-out configuration. In figures show also the best fits under the constrain of no
six-fold polarization contribution. These curves cannot model the slightly broadened
peaks in P-in, P-out and S-in, P-out and the unequal spacing of the peaks in P-in,
S-out and S-in, S-out configuration. For a realistic fit of the P-in, S-out and S-in,
S-out data an offset was taken into account as well. Since the offset is much higher
than the background noise of about 1 count per 10s another source must be present.
One possibility would be surface roughness which was also mentioned in the FHG

measurement for Si(110).

The used fit functions are:
P-in, P-out: |aye'® + bype cos(3¢) + cpp cos(6¢)|?
where ape® = ab, + al), by, = b5, + b,

app = 24.0 + 1.0,b,, = 13.8 + 1.0, ¢p = 9.4 + 3.0, = 250° £ 60°, § = 58° + 60°

P-in, S-out: ops + |bpse®® sin(3) + cps sin(6¢)|?
where a,,e'® = agp + a,?p, bpp = bgp + bz%

Ops = 5.6 £ 2.5, bys = 5.7+ 0.5, cps = 0.73 £ 0.3, 8 = 0°

S-in, P-out: |aspet® + bspe' cos(3p) + csp cos(6¢)|?

ia — 8 Q —pS Q
where appe’® = ap, + ag,, byp = by, + by,

asp = 3.12 +0.12, by, = 3.54,¢;p = 0.78 + 0.3, 0 = 49° + 5°, f = 146° + 15°
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S-in, S-out: oy + |bsse™ sin(3¢) + css sin(6¢)|?
where aype® = ab, + al), by, = b5, + b3,

0ss = 20.4 & 3.0, by = 4.36 £ 0.20, ¢55 = 0.64 £ 0.32, 8 = 135° + 15°

FHG on Si(111) P-in,P-out
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Figure 4.29: FHG from Si(111) in P-in, P-out configuration at input power of
350mwW
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FHG on Si(110) P-in,S-out
60
] =,
50j o o®
201 [4° ° o b .
o 4 b o A ° J
2] 1 ]
2 ]
S 30 1 o o ® o
] ]
o . o o . A
Zoi o)
| °
1 °® ’ e
10 1 |, . ° 0
o +——vr--V—F
0 90 180 270 360
Azimuthal Angle

Figure 4.30: FHG from Si(111) in P-in, S-out configuration at input power of
350mW
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Figure 4.31: FHG from Si(111) in S-in, P-out configuration at input power of
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FHG on Si(111) S-in,S-out
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Figure 4.32: FHG from Si(111) in S-in, S-out configuration at input power of
350mW



Chapter 5

Conclusions

In this thesis a program was presented that enables to calculate symmetry properties
of nonlinear susceptibility tensors. The problem was handled in a most general way
that it is possible to do these calculations in principle for arbitrary large tensor
and arbitrary symmetry transformations. With the help of this program the full
analysis of the third and fourth harmonic susceptibility tensors were done for all

crystal classes.

With the second part of the program the dependence on surface orienta-
tion, Fresnel factors, incident and azimuthal angle and the non-zero elements of
the applying dipole and quadrupole tensors of SHG, THG and FHG from Si(110),
GaAs(011), Si(111) and GaAs(011) were derived. A calculation for reconstructed
GaAs(100) surfaces showed a possible change of the SHG signal when the recon-

struction changes from a Ga to As rich surface.

Using an amplified, pulsed 200 fs laser the azimuthal dependence of second,
third and fourth harmonic signals from Si(110) and Si(111) surfaces were measured.
The signals fit well with the derived formulas for the macroscopic picture of the non-
linear polarization. In these surface orientations the bulk quadrupole contribution

to the signal can only be separated if its higher rank can resolve a higher rotational
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symmetry. In all of these cases- SHG and FHG from Si(110) and FHG from Si(111)-
an indication for a contribution of the bulk quadrupole tensor was found. It shows

that the quadrupole contribution to the fourth harmonic signal can be detected.



Appendix A

Program for Dipole Tensors

This chapter contains the code of the program that was written to study the sym-
metry properties of susceptibility tensors. Comments are printed in boxes framed
by ’>.

IEOO3OO5O3355333355 5555333355555 5 5335355355555 553553535533 5353535353 55555353 5353 555535 355353 5555 33535553555 3333555555553 5355535555 55>>

> Nonzero Tensor Elements of \!\(TraditionalForm\‘X\"\((2, 3, 4)\)\) >
> This program allows to calculate the nonzero components of nonlinear quadrupole tensors X and their >
> relationship. With "Initialization" one has to select the rank of the tensor, the symmetry operationms, >
> which leaves the crystal invariant and choose, if the calculation should also use the intrinsic >
> permutation symmetry of the last n-2 indices that is given by n-th harmonic generation. >
> Please be patient, as the computer does it’s calculations after the input. >
> This section must be evaluated before using the later sections. >
> To calculate the angular dependence the program has to know the (hkl)-direction that is perpendicular >
> to the surface. Then S5, SP, PS and PP configurations are calculated. The output is normalized with E"(n-1). >
> >
> Initialization (start me first) >
> >

> To include further symmetries, add ’{"description",{matrixi,matrix2,..}},’ within the brackets of ’operations’>

IEOI3OO5O3335333553 5555333355555 5533535535555 5553553535535 5353535353 555553535353 555535 3555 5555 3353355555 3333555355533 5355355555 55>>

Clear["Global‘*"]

Needs["LinearAlgebra‘MatrixManipulation‘"]

(*xxxxxx Choose dimension *¥¥x¥*x)

dim=Input["Dimension of Tensor:\nType ‘n‘ for (n-2)th harmonics.\nE.g. ‘6°‘ for 4th-harmonics"];

(*****%% Choose symmetry operations *kkkk¥x)

Module[{z,str,operations,dz,
dx2={{ 1,0,0},{0,-1,0},{0,0,-1}}, (*3 rotational symmetries*)
dy2={{-1,0,0},{0, 1,0},{0,0,-1}},
xyz={{0,0, 1},{ 1,0,0},{0, 1,0}},
xy ={{o, 1,0},{ 1,0,0},{0,0, 13}}, (*4 mirror symmetriesx)
zminusz={{ 1,0,0},{0, 1,0},{0,0,-1}},
xminusx={{-1,0,0},{0, 1,0},{0,0, 1}},
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yminusy={{ 1,0,0},{0,-1,0},{0,0, 1}}},
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{dz[n_Integer]:={{Cos[2 Pi/nl,-Sin[2 Pi/n],0},{Sin[2 Pi/n],Cos[2 Pi/nl,0},{0,0,1}};
(¥Schoenflies not.: axis like in Wyckhoff, The Structure Of Crystals, 1931%)

operations={

{"c1 ",{ IdentityMatrix}}, (x 1 x) (*tricinic*)
{"ci ",{-IdentityMatrix[3]}}, (*x 1- )
{"es ",{yminusy}}, (* m ) (*monoclinicx)
{"c2 ",{dy2}}, (x 2 %)
{"c2h",{dy2, yminusy}}, (* 2/m *)
{"c2v",{dz[2], yminusy}}, (* 2mm *) (*orthorombick)
{"d2 ",{dz[2],dx2}}, (% 222,v *)
{"d2h",{dz[2],yminusy,dx2}}, (* mmm,vh *)
{"s4 ",{-dz[41}}, (% 4- ) (*tetragonalx)
{"d2d",{dz[2],dx2,xy}2}, (* 4-2m,vd *)
{"ca ",{dz[4]}}, (x 4 %)
{"cah",{dz[4],zminusz}}, (% 4/m *)
{"c4v",{dz[4],xminusx}}, (* 4mm *)
{"da ",{dz[4],dx2}}, (% 422 %)
{"d4h",{dz[4],dx2,zminusz}}, (% 4/mmm %)
{"t ",{xyz,dz[2]1}3}, (* 23 %) (*cubic*)
{"th ",{xyz,dz[2],zminusz}}, (* m3 *)
{"td ",{xyz,dz[2],xy}}, (* 4-3m *)
{"0 ",{xyz,dz[41}}, (% 432 )
{"oh ",{xyz,dz[4],zminusz}}, (* m3m *)
{"c3 ",{ dz[31}}, (* 3 %) (*trigonal*)
{"c3i",{-dz[31}}, (x 3- %)
{"c3v",{ dz[3],xminusx}}, (* 3m *) (*mirror pl perp to x*)
{"a3 ",{ dz[3]1,dx2}}, (* 32 %)
{"c3a",{-dz[3],dx2}}, (* 3-m,d3d *)
{"c3h",{dz[3].zminusz}}, (% 6= *) (¥hexagonal*)
{"d3h",{dz[3].zminusz,dx2}}, (* 6-m2 *)
{"c6 ",{dz[6]}}, (x 6 %)
{"c6h",{dz[6],zminusz}}, (* 6/m *)
{"c6v",{dz[6],yminusy}}, (* 6mm *)
{"a6 ",{dz[6],dx2}}, (* 622 %)
{"d6h",{dz[6]1,dx2,zminusz}}, (* 6/mmm *)
{"isotropic",{dz[17],xminusx}}

EH

str=""Choose symmetries:\n| ";

For[z=1,z<=Length[operations],z=z+1,
str=str <> ToString[z] <> " : " <> operations[[z]1[[1]1] <> " | "1;

symm=operations[ [Input [str]111[[2]1//N;
5

(x**xxk* intrinsic symmetTy y/m *xkkxkxk)

createvector:=

Module [{x={},
v=Table[3"(dim-i),{i,2,dim}],
b={"",

m,nulllist,newlist},

(*xSymmetry matrices for specific problemx)

{Do[b=Flatten[Table[{"0","1","2"}[[i11<>b[[j1],{i,3},{j,Length[b]1}]1],{dim-1}];
Do[b[[il]=ToExpression[Sort [Characters[b[[i1111].v,{i,1,Length[b]1}];

m=Max[b]+1;
b=m-b;

nulllist=Table[0,{i,3"(dim-1)}];



While[m>0,
{newlist=ReplacePart[nulllist,1,Position[b,m]l];
b=b-m*newlist;
x=AppendTo [x,newlist];
m=Max[b]1}]1;
BlockMatrix[Quter[Times, IdentityMatrix[3],x]]
HLI11]

If [Input["To include intrinsic symmetry for n-th harmonics, type ’1’."]==1,

{x=Transpose[createvector];},

x=IdentityMatrix[3~dim];];

(*****%* Subroutines for main program *k¥¥¥xx)

vectortomatrix[vec_]:=If[VectorQ[vec],{vecl},vec]

lines[m_List] :=Dimensions[m][[1]]

rows[m_List] :=Dimensions[m][[2]]

eulerbackward[mat_List]:=
Module [{len=lines[mat],m=mat,pos},
{While[len>0,
{pos=Flatten[Position[Sign[Abs[m[[1en]111,111[[11];
If [pos>0,
{m[[1en]1=Chop[m[[len]]/m[[len,pos]l1],
Do[m[[i]1=Chop[m[[i]1]1-m[[i,pos]I*m[[len]]],{i,1,len-1}1}1,
len=len-1}];

m=vectortomatrix[m]1}]1[[11]

pickcolumn[mat_List,vec_List]:=

Block[{m2={1}},

{Do[m2=Join[m2,{Transpose [mat] [[vec[[i1111}],{i,Length[vec]}];
m2=vectortomatrix[m2];

m2=Transpose [m2]1}]1 [[1]]

findcolumn[mat_List]:=
Module[{m, j=1,1iste={}},
{m=Join[mat,{Table[0,{za,rows[mat]}]1}];
Do[If[m[[j,il1==0,
liste=Join[liste,{i}],
j=j+11,
{i,rows[mat]}];
liste}] [[11]

sortrow[mat_List,col_Integer]:=

Block[{m,v,p},

{m=vectortomatrix[mat];
v=Abs[Transpose[m] [[col]ll];
p=Flatten[Position[v,Max[v]11[[11];
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v=m[[11];
m[[1]11=m[[p]];
m[[pll=v;
w}]1[[11]

eulerforward[mat_List]:=
Block[{m,pos,nrows=rows [mat],b={1}},
{m=Chop[Table [mat [[i]]/Max[Abs[mat [[i]]1],1],{i,Length[mat]1}1];
m=Join[m,{Table[0,{i,mrows}1}];
pos=1;
While[pos<=mrows,
{m=sortrow[m,pos];
1£[ml[1,pos]]!=0,

{m[[111=Chop[m[[11]1/m[[1,pos]]1],
Do[m[[i1]1=Chop[m[[i]]1-m[[i,pos]]1*m[[111]1,{i,2,Length[m]}],
AppendTo[b,m[[1]1],
m=Delete[m,1]1}];

pos=pos+1}]1;
vectortomatrix[b]}1[[1]1]

findnullspace[mat_]:=
Block[{m,m2,1st,len,zauber},
{m=vectortomatrix[mat];

If [Max [Chop[Abs[m]1]1==0,
m2=IdentityMatrix[rows[m]],
{len=rows[m];

m=eulerforward[m];
m=eulerbackward [m] ;

1st=findcolumn[m];

1f[1st=={},
m2=Table [{0},{i,len}],
{

m=pickcolumn[m,1st];

zauber=Complement [Table[i,{i,len}],1st];
m2=Table[0,{j,len},{i,Max[Length[1st],11}];
Do[Do[m2[[zauber[[j1],i]11=-m[[j,i]],{i,rows[m]}],{j,lines[m]}]1;
Do[m2[[1st[[il],i]l]1=1,{i,Length[1st]}];

}
1;
}
1;
m2}][[1]1]

(*xxxxx Main program: determination of relationship between tensor elements ¥xxxx)
For[z=1,z<=Length[symm] ,z=z+1,

{mt=Transpose [symm[[z]]1],

m =Inverse[symm[[z]1],
Do[m=BlockMatrix[Quter[Times,m,mt]],{dim-1}],
m=m.x-x,

inv=findnullspace[m];
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x=Chop [x.inv]}]

x=Rationalize[x,10"(-10)];
x=Transpose[x];

If[Max[x]!=0,{x=eulerforward[x],x=eulerbackward[x]1}];

chi=Transpose[x].Table["X"<>ToString[i],{i,Length[x]}];

Do[chi=Partition[chi,3],{dim}]

Nonzero elements and their relationship

(run Initialization first)

readout={""};

Do[readout=Flatten[Table[{"x","y","z"}[[i]l]1<>readout[[j11,{i,3},
{j,Length[readout]}1],{dim}]

DOOOO3O33555555555555555>
> (*Non zero elements*) >
DOOOO5O53555555555555555>
y=Apply[Plus,Sign[Abs[x]11];
outputi=readout [[Flatten[Position[Sign[y],1111]1;

Print[Length[Position[Sign[y],1]1]," non-zero tensor elements: (dependend on ",

Length[x]," parameters)"]
Print [output1]
Print[""]

(*Relationship between non-zero elementsk)
output2=" ";
1£ [Apply[Plus, Chop[y~2-y11!=0,
{Print["Tensor elements are not separable."],
Print["’readout’ = Flatten[chil"l},
{Do[{maximum=Max[x[[i11]1,
Do[If[x[[i,jl]1!=0,
output2=output2<>ToString[readout[[j1]*maximum/x[[i,j11]1<>"
{j,3"dim}],
output2=output2 <> ToString[maximum*X] <> ToString[il<>" \n "},
{i,Length[x]1}],
Print [Length[x]"Independent tensor elements:"],
Print [output2]}];

SO33555555555555 55555555555 555 5555555555 5555555555555 5555555555555 5555555555
> Angular dependence of the signal in reflection (run Initialization first) >

DOOO3355333553555355555 5553555555553 53555 5355353535535 5555355353555 3553535353 5555555555>>

a=IdentityMatrix[3];

a[[1,3]]1=Input["Insert (h)"1;
al[[2,3]]=Input["Insert (k)"];
al[[3,3]]=Input["Insert (1)"1;
a=a/Sqrt[al[[1,3]11°2+a[[2,3]11"2+a[[3,3]11"°2];

1f£[N[al[2,3]11]1==0.,
al[2,2]1-1,
al[[2,2]1]1=8qrt[ al[3,311°2 / (al[3,311"2+al[2,311°2)1];

",

72



1£[N[al[3,3]11]1==0.,
a[[3,2]1]1=-Sign[al[2,3]1],
a[[3,2]11=-5Sign[a[[2,3]1] all3,311]1 Sqrt[1-al[2,211°211;

all1,111= al[2,2]1]1 al[3,3]11-al[3,2]1]1 al[2,31];
al[2,111= a[[3,2]11 al[1,311;
a[[3,1]1]=-a[[2,2]1] a[[1,31];

a=Chop[al;

picture=Show[Graphics3D[{Polygon[{{-0.3,-0.3,0},{-0.3,0.3,0},{0.3,0.3,0},{0.3,-0.3,0}}1,
Line[{{0,0,0},a[[111}],Text["x",0.9 a[[111],
Line[{{0,0,0},a[[2]11}],Text["y",0.9 a[[211],
Line[{{0,0,0},al[311}],Text["2",0.9 al[311],

Line[{{0,0,0},{1,0,0}}],Text["e1",{1.1,0,0}]1,

Line[{{0,0,0},{0,1,0}}]1,Text["e2",{0,1.1,0}],

Line[{{0,0,0},{0,0,1}}],Text ["e3",{0,0,1.1}1},
Boxed->Falsel];

(* delete linear Fresnel factors x)

Clear[1fx,1fy,1fz];

Print["Angular dependence of signal:"]

Print["\nSS configuration:"]

ss=chi;

Do[ss =ss.(a.{-Sin[\[Alphal] 1fy,Cos[\[Alphall 1fy,0}),{dim-1}]1;

ss=(ss. (a.{-Sin[\[Alphall fy,Cos[\[Alphall f£y,0}))[[11]1//Expand//Chop//TrigReduce//Factor;

Print[ss]

Print["\nSP configuration:"]

spx=chi;

Do[spx=spx.(a.{-Sin[\[Alphal]l 1fy,Cos[\[Alphall 1fy,0}),{dim-1}]1;

spx=(spx. (a.{Cos[\[Alphal]l fx, Sin[\[Alphall f£x, 0}))[[1]1//Expand//Chop//TrigReduce//Factor;
spz=chi;

Do[spz=spz. (a.{-Sin[\[Alphall 1fy,Cos[\[Alphall 1fy,0}),{dim-1}1;

spz=(spz.(a.{0,0,£z})) [[1]1]1//Expand//Chop//TrigReduce//Factor;

Print[spx," +\n",spz]

Print["\nPS configuration:"]

ps=chi;

Dolps =ps.(a.{Cos[\[Alphal]l 1fx,Sin[\[Alphal]l 1fx,1fz}),{dim-1}]1;

ps=(ps. (a.{-Sin[\[Alphal]l fy,Cos[\[Alphall £y,0}))[[11]1//Expand//Chop//TrigReduce//Factor;
Print [ps]

Print["\nPP configuration:"]

ppx=chi;

Do[ppx=ppx. (a.{Cos[\[Alphal] 1fx,Sin[\[Alphal]l 1fx,1fz}),{dim-13}];

ppx=(ppx. (a.{Cos[\[Alphal]l fx, Sin[\[Alphall fx, 0}))[[1]11//Expand//Chop//TrigReduce//Factor;
ppz=chi;

Do[ppz=ppz. (a.{Cos[\[Alphal]l 1fx,Sin[\[Alphall 1fx,1fz}),{dim-1}1;

ppz=(ppz. (a.{0,0,£z})) [[1]1]1//Expand//Chop//TrigReduce//Factor;

Print[ppx," +\n",ppz]
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PRSPPI DD DD DD PP D082 22 222D DD DD 00022ded
> Graphs (run Initialization and Angular dependence first) >

SO3555555555555553355555555355355555 535335355555 5353535555555555>

(* refracted index of fundamental and harmonic signal *)
\[Epsilon]fundamental=3.692"2;
\[Epsilon]harmonic =1.831"2;

(*linear Fresnel factors*)
1fy=2 Cos[\[Thetall/(Cos[\[Thetall+Sqrt[\[Epsilon]fundamental-Sin[\[Thetal]l"2]1);
1fx=2 Cos[\[Thetall Sqrt[\[Epsilon]fundamental-Sin[\[Thetal]l~2]
/(\[Epsilon]lfundamental Cos[\[Thetall+Sqrt[\[Epsilon]fundamental-Sin[\[Thetall"~2]);
1£fz=2 Cos[\[Thetal]l Sin[\[Thetall
/(\[Epsilon]fundamental Cos[\[Thetall+Sqrt[\[Epsilon]fundamental-Sin[\[Thetal]l"2]);

(* nonlinear Fresnel factors *)
fresnels [e_,e4_,t_]=

4 Pi/(e-e4) (Sqrt[e4-Sin[t]"2]1-Sqrt[e-Sin[t]1-2]1)/(Sqrtle4-Sin[t]1~2]+Cos[t]);
fresnelp [e_,e4_,t_1=4 Pi /(Sqrt[e-Sin[t]"2]+Sqrt[e4-Sin[t]1~2]1)/

(Sqrt[e4-Sin[t]1"2]+e4 Cos[t]);

fresnelpx[e_,e4_,t_]=fresnelple,e4,t] Sqrt[e4-Sin[t]"2];
fresnelpz[e_,e4_,t_l=fresnelple,e4,t] Sin[t];
fy=fresnels [\[Epsilon]fundamental,\[Epsilonlharmonic,\[Thetall;
fx=fresnelpx[\[Epsilon]fundamental,\[Epsilon]lharmonic,\[Thetall;
fz=fresnelpz[\ [Epsilon]fundamental,\[Epsilon]harmonic,\[Thetall;

(* various plots x)

Plot[ss"2 /.{\[Thetal->Pi/4.0,"X1"->5,"X2"->1},{\[Alphal 0,2 Pi}];
Plot[(spx+spz)~2/.{\[Thetal->Pi/4.0,"X1"->5,"Xx2"->1},{\[Alphal 0,2 Pi}];
Plot[ps~2 /.{\[Thetal->Pi/4.0,"X1"->5,"X2"->1},{\[Alphal,0,2 Pi}];

Plot [ (ppx+ppz) "2/ .{\[Thetal ->Pi/4.0,"X1"->5,"X2"->1},{\[Alphal 0,2 Pi}];
Plot3D[ss"2/.{"X1"->5,"X2"->1}

,{\[Alpha],0,2 Pi},{\[Theta],0,Pi/2},PlotPoints->50];
Plot3D[(spx+spz)~2/.{"X1"->5,"X2"->1}

,{\[Alphal,0,2 Pi},{\[Theta],0,Pi/2},PlotPoints->50];
Plot3D[ps~2/.{"X1"->5,"X2"->1}

,{\[Alphal,0,2 Pi},{\[Thetal,0,Pi/2},PlotPoints=->50];
Plot3D[(ppx+ppz) "2/ .{"X1"->5,"X2"->1}

,{\[Alphal,0,2 Pi},{\[Theta],0,Pi/2},PlotPoints->50];



Appendix B

Modifications for Quadrupole Tensors

The symmetry analysis of quadrupole susceptibility tensors is similar to the analysis
of the dipole tensors. The two main differences are that first the intrinsic permu-
tation symmetry of a n-th rank quadrupole tensor is only valid for the last n — 2
indices. The second difference lies in the analysis. Instead of electric field vectors a

wave vector has once to be multiplied with the tensor.
Changes for part I of the program:

(*****k* intrinsic symmetry y/m *¥kkkkk)
createvector:=
Module [{x={},
v=Table[3" (dim-i),{i,3,dim}],
b={""},
m,nulllist,newlist},
{Do[b=Flatten[Table[{"0","1","2"}[[i11<>b[[j11,{i,3},{j,Length[b]}]1],{dim-2}1;
Do[b[[i]]1=ToExpression[Sort [Characters[b[[i1]1]11].v,{i,1,Length[b]}];
m=Max[b]+1;
b=m-b;
nulllist=Table[0,{i,3" (dim-2)}]1;
While[m>0,
{newlist=ReplacePart[nulllist,1,Position[b,m]];
b=b-m*newlist;
x=AppendTo [x,newlist];
m=Max [b]}];
BlockMatrix[Quter[Times, IdentityMatrix[3],BlockMatrix[Outer[Times,IdentityMatrix[3],x111]
F 111
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Changes for part III of the program:

Print["Angular dependence of signal:"]

Print["\nSS configuration:"]

ss=chi;

Dolss =ss.(a.{-Sin[\[Alphal] 1fy,Cos[\[Alphall 1fy,0}),{dim-2}]1;

ss= ss.(a.{Cos[\[Alphal]l kx,Sin[\[Alphall kx,kz});

ss=(ss.(a.{-Sin[\[Alphal] fy,Cos[\[Alphall £y,0}))[[111//Expand//Chop//TrigReduce//Factor;

Print[ss]

Print["\nSP configuration:"]

spx=chi;

Do[spx=spx.(a.{-Sin[\[Alpha]] 1fy,Cos[\[Alphal]l 1fy,0}),{dim-2}]1;

spx= spx.(a.{Cos[\[Alphal] kx,Sin[\[Alphal] kx,kz});

spx=(spx. (a.{Cos[\[Alphal]l fx, Sin[\[Alphall f£x, 0}))[[1]1//Expand//Chop//TrigReduce//Factor;
spz=chi;

Dolspz=spz.(a.{-Sin[\[Alphal]l 1fy,Cos[\[Alphall 1fy,0}),{dim-2}]1;

spz= spz.(a.{Cos[\[Alphall kx,Sin[\[Alphall kx,kz});

spz=(spz. (a.{0,0,£z})) [[1]]1//Expand//Chop//TrigReduce//Factor;

Print[spx," +\n",spz]

Print["\nPS configuration:"]

ps=chi;

Dolps =ps.(a.{Cos[\[Alphal]l 1fx,Sin[\[Alphall 1fx,1fz}),{dim-2}]1;

ps= ps.(a.{Cos[\[Alphal]l kx,Sin[\[Alphall kx,kz});

ps=(ps. (a.{-Sin[\[Alphal]l fy,Cos[\[Alphall £y,0}))[[11]1//Expand//Chop//TrigReduce//Factor;
Print [ps]

Print["\nPP configuration:"]

ppx=chi;

Do[ppx=ppx. (a.{Cos[\[Alphal]l 1fx,Sin[\[Alphall 1fx,1fz}),{dim-2}1;

ppx= ppx. (a.{Cos[\[Alphall kx,Sin[\[Alphall kx,kz});

ppx=(ppx. (a.{Cos[\[Alphal]l fx, Sin[\[Alphall fx, 0}))[[1]1//Expand//Chop//TrigReduce//Factor;
ppz=chi;

Do[ppz=ppz. (a.{Cos[\[Alphal]l 1fx,Sin[\[Alphall 1fx,1fz}),{dim-2}1;

ppz= ppz.(a.{Cos[\[Alphal]l kx,Sin[\[Alphall kx,kz});

ppz=(ppz- (a.{0,0,£z})) [[11]1//Expand//Chop//TrigReduce//Factor;

Print[ppx," +\n",ppz]
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Appendix C

Angular Dependence of Higher Harmonic Signals for

GaAs(110) and GaAs(111)

This section shows the expected contribution of the bulk dipole contribution of a
crystal with 34m symmetry to the generation of second, third and fourth harmonic
signals. The tensor is described in a coordinate system (x,y,z) that corresponds
to the crystallographic axis [100], [010] and [001]. The convention for the Fresnel

factors can be found in section 3.3.

The tensors and the azimuthal dependence of THG from GaAs(011) and
GaAs(110) are qualitatively the same as for silicon. The tables can be found in

section 3.3.1 and 3.3.2.

In the following tables the expected amplitudes of the electric field of the
remitted light are split into an isotropic and an anisotropic part in respect to the

rotation angle ¢. The coefficients are given below.
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Table C.1: SHG bulk dipole contributions of GaAs(110)

Isotropic | Anisotropic (¢) | Anisotropic (3¢)

S-in, S-out 0 bss cos ¢ css cos 3¢
S-in, P-out 0 bspsin¢ cspsin 3¢
P-in, S-out 0 bpg cos ¢ cps cos 3¢
P-in, P-out 0 bppsin ¢ cppsin 3¢

bss % ;2)wazf;

Ccss - ngSQ)Xxyzf;

bsp i a(:Z)wazf ;

csp =~ el

bes = I ey (2 — 4f2)

cps % 352)Xxyzf§

b = 3 F Py 31— A7) — 20D Xy e

cpp Z £2)wazf §

With one non-zero element (corresponding to 34m symmetry):

Xzyz = Xyzz = Xzzy

78



Table C.2: SHG bulk dipole contributions of GaAs(111)

79

Isotropic | Anisotropic (3¢)
S-in, S-out 0 bsg sin 3¢
S-in, P-out asp bsp cos 3¢
P-in, S-out 0 bpgsin3¢
P-in, P-out app bpp cos 3¢
V2 o 2
bss = %fgs )wazfy
1
asp = _%fz(Q)Xzyzny
V2
bsp = _%fy))(zyzf;
V2
bPS = _ﬁfg?)Xa:yzf:?
app = _lfg)wazfzfz +
V3
1
+ X (= 12+ 212)
2
bpp = V240

) 2
\/?; z Xzyzf;c

With one non-zero element (corresponding to 34m symmetry):

Xzyz = Xyzz — Xzzy



css
bsp
csp
bps
cps

bpp

cpp

Table C.3: FHG bulk dipole contributions of GaAs(110)

Isotropic | Anisotropic(¢) (39)
S-in, S-out 0 bss cos ¢ css cos 3¢
S-in, P-out 0 bsp sin ¢ cspsin 3¢
P-in, S-out 0 bps cos ¢ cps €os 3¢
P-in, P-out 0 bpp sin ¢ cpp sin 3¢

1
5 f354) (3chzyz + 2Xacyyyz)f:;l

1
- §fgs4) (3X$$$yz + 2meyyz)f;}

1
5 fa(c4)Xzyyyz fg;l

3
- §fa€-4)X$yyyzf;

S ey (72— 4T3 + 12)
gfgs4)Xzyyy2fa?(f§ +£7)

1
§fa(c4)((3Xmmyz + 2wayyz)f§ — 3(4X ey — Xﬂﬁ@/l/z/z:)fffac2 - 4Xzyyysz) +

1
+§f;§4) (3(Xzzzyz - 3Xzyyyz)f§ - 4(3Xzzzyz + Xzyyyz)fg)fwfz
1
§fa(c4)((3meyz + 2Xayyyz) o + 3Xayyy=fo) fr +

1
+ §fz(4) (3Xam$yz - Xzyyyz)f:i’fz

With two non-zero element (corresponding to 34m symmetry):

Xzzryz = Xyzyyz = Xzzyzz,

Xzyyyz — Xwyzzz = Xyzzzz = Xyzzzz — Xzzzzy — Xzzyyy
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Table C.4: FHG bulk dipole contributions of GaAs(111)

Isotropic | Anisotropic (3¢)
S-in, S-out 0 bsg sin 3¢
S-in, P-out asp bsp cos 3¢
P-in, S-out 0 bpgsin3¢
P-in, P-out app bpp cos 3¢
2\f
bss = \/— (3Xzzzyz + 2Xacyyyz)f;L
asp = _sz Xacyyyzfy4
2v2
bsp = _sz X:cyyyzfy
2v2
bps = _Tfy Xxyyysz(fz + fz)
app = 3\/— 4)( (3X$wwyz + meyyz)fg + (6X$$$yz - 8X$yyyz)f22)fwfz +

+sz (—?’Xz:t/:t/szcczcl - 3(3szyz - 2Xzyyyz)fz2f3 + (ﬁszyz + 4Xzyyy2)ff)

Z\f
bpp = 3\/— ((3Xmmmyz + 2Xzyyyz)f$2 + 3XIyyyzfz2)f:§ +

2f
3\/—fz (3meyz—Xzyyyz)f£’fz

With two non-zero element (corresponding to 34m symmetry):

Xzzzyz — Xyryyz — Xzzyzz,

Xzyyyz — Xwyzzz — Xyzzzz = Xyzzzz — Xzzzzy — Xzoyyy



Appendix D

Symmetry Analysis for SHG for Reconstructed GaAs
(100)

The most common reconstructions on GaAs surfaces dimeres form along the [110] for
Ga rich surfaces and along [110] for As rich surfaces [6]. All of these reconstructions
exhibit the same surface symmetry: 2mm. If the surface signal is strong, SHG may
provide a tool to monitor the coverage of the surface by Ga and As, respectively,

during the growth.

The following tables show symmetry analysis of the surface and bulk dipole
contributions to the SHG signal. in both cases the coordinate system (x,y,z) has its

axis along [100], [010] and [001].
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The angular dependence of the SHG surface dipole polarization:

Isotropic | Anisotropic (2¢)
S-in, S-out 0 0
S-in, P-out ap b2 p sin 2¢
P-in, S-out 0 b3 cos 26
P-in, P-out aﬁp bISJ',P sin 2¢
agP = fz(Q)Xfxxfg
bgP = = ,z(Z)Xfxy 5
b%S = 2f352)X£yszfz
app = 2/ XGnefols + IO Oanf? + X2 )
b%P = 2fa(:2)xgyszfz + f;z)ngyfIZ

With 5 independent tensor elements:

S U9 LS LS LS LS L S LLUS
Xzzz = Xyyzs Xayz = Xyzz) Xzze = Xzyy Xzays Xzzz



The angular dependence of the SHG bulk dipole polarization::

Isotropic | Anisotropic
S-in, S-out 0 0
S-in, P-out 0 bspsin2¢
P-in, S-out 0 bps cos 2¢
P-in, P-out 0 bppsin2¢
bsp = —F P xoyf?
brs = 2 Xay:fal:

bpp =

With one tensor element:

Xzyz = Xyzz = Xzzy

QLD fof. + £ F2) Xaye
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Appendix E

Coefficients for Quadrupole Contribution of FHG from
Si(110) and Si(111)

The coefficients of the quadrupole tensor are described in a coordinate system
(z,y,2) that corresponds to the crystallographic directions [100], [010] and [001].

The Fresnel factors are defined in section 3.3

The seven independent tensor elements are (corresponding to m3m symme-

try):

X1 = Xzzzzzer = Xyyyyyy — Xzzzzzz

X9 = Xzzzzyy — Xzzzzzz — Xyyzoyy — Xyyyyzz — Xzzzzzx — Xzzzzyy

X3 = Xzzyyyy — Xzxzzzz — Xyyzzzz — Xyyzzzz — Xzzozzr = Xzzyyyy

Xy = Xzzyyzz = Xyyzzzz = Xzzzzyy

X5 = Xzyzzzy = Xzzzzzz — Xyzzyyy — Xyzyyyz — Xzaxzzzz — Xzyyzzz

Xe = Xzyzyyy = Xzzzzzz = Xyzzzzy = Xyzyzzz — Xzzzzzz = Xzyyyyz

X7 = Xzyzyzz = Xzzeyyz = Xyzzyzz — Xyzzryz — Xzrzyyz = Xzyrzyz

The coefficients for Si(110) quadrupole contribution are given by:
b= 125 (15X1 + 6X2 — 15X3 — 6X4 — 60X5 + 4X6 — 24X7) f3 Vs f1

1
2
Gg= h5(—20X1 + 24X5 — 20X — 24X, — 80X + 16X — 96X7) 3 key £
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9= 15 (3X1 — 18X, — 3X3 + 18Xy — 12X5 — 12X¢ + 72X7) 3 ko 2
agP:

25 (10X + 84X5 + 62X + 84X, — 40X — 40X — 48X7) ik, [
-35(—3X1 — 30X, — 15X3 — 12X, + 12X5 + 12X + 24X7)fz(4)/’@zfé1
bgP:

735 (3X1 — 18X, + 29X5 — 78X, — 12X5 — 12X + 72X7) 9k, Iy
-5 (4X7 + 24X, — 12X3 — 16X5 — 16X6) g Sy

o=

= (—10X, — 84X, + 34X + 12X, + 40X5 + 40X + 48X7) ik, £~
a5 (— X1 + 6Xo — 5X3 + 12X + 4X5 + 4X — 24X7) £k, f2

d9p= 1h5(=3X1 + 18Xz + 3X;3 — 18Xy + 12X5 + 12X — 72X7) f$ ko /1

32X + 192X, — 32X — 192X, — 192X — 128Xs + 192X7) £k, f3 f,—
64X, — 64X + 128X — 256X — 384X7) f\ Vb, fuf3—
—15X; — 6X5 + 15X3 + 6X4 — 4X5 + 60X5 + 24X7) £$V kg f;g—

48X71 — 192Xy —48X3 + 192X, + 192X5 — 192X — 192X7) zf 22

,_.
DO [
o)

- 135 (16 X1 + 96X — 16X3 — 96X — 96X5 — 96X, + 192X7) fy ko 2

cPs=
-5 (16X — 96X — 16X3 + 96X, + 32X5 — 64X + 96X7) £y k. f3 £~
-2 (20X, 4 24X, — 20X;3 — 24X, + 16X5 — 80X — 96X7) fy Vkafy
- (24X, — 24X3 — 96 X5 — 96 X + 228X7) £k 2 £2
Q

bRg= -1hs (3X + 18X, + 3X3 — 18Xy + 12X5 + 12X, — 72X7) fs Vky f2
anJP:
L5 (48X + 96X, — 48X5 — 96X, + 96X5 — 192X, — 96 X7) £k, 2 £,+

Lo (64X, — 64X + 128X;5 + 384X7) fS 0k, fuf3+
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(50X, + 132X, + 22X3 + 36X, + 88X + 88X + 144X7) £V by f24

L (72X, + 192X, + 120X;3 + 96 X5 + 96 X6 — 288X7) £$ kg 212+

—_

(16X + 96X, + 48 X3 + 96X — 64X5 — 64X5) fi ky 2

=

3X1 + 30X, + 15X + 12Xy — 12X5 — 12X + 24X7) V%, fi+

8l

24X, + 24X + 48X4 + 96 X7) £k, f2 2+

gl

gl

12X + 24X, — 12X3 — 24X, + 48X + 24Xs — 24X7) 1V ko f3 £+

8l

(
(
(8X1 + 48X» + 8X3 + 32X5 + 32X6) f{V ks fA4
(
(

16X, — 16X + 32X¢ + 96 X7) f{V ko fo f3

&l

p=

64X — 64X5 — 384X + 128Xe) f$V b, f3 o+

o
o

|~ 5~
o)

4X) — 64X5 + 128X5 — 256X — 384.X7) f$ ks fo f3+

—
o

2

| —

—
[e]

2

|-

96X1 — 576 Xo + 96X3) f by f212+

—
o

2

|~

78 (
(6
(—45X, + 78X, + 13X3 + 18X, + 52X + 52X¢ + 72X7) £ ko f2+
(
(

16X + 96X5 — 16X3 — 96X, — 64X5 — 64Xg) f$V kg f4

—
[e]

2

S (4X) + 24X, — 12X3 + —16X5 — 16X6) fLVk, f2+
L (24X, — 96X, + 24X — 48X, — 96X7) fLVk, 212+
o5 (16X — 16X; + 32X5 — 96X¢) /£ Vk, f3 fz+
(16X, — 16X3 — 64X5 + 32X — 96 X7) £\ k, 3,
ch:

|-

16X, — 96X5 — 16X3 + 96X4 + 32X5 — 64Xs + 96 X7) f 0k, f3£,+

—
o

2

|~

-
[e3]

(
L (30X, — 36Xy — 6X3 — 36X, — 24X5 — 24X — 144X7) £k, fi+
(

|-

24X, — 24X;5 — 96X5 — 96X + 288X7) fiV ko f2F2+

—
o

2

@~

(X1 —6Xo+5X3— 12X, —4X5 —4Xg + 24X7) k‘ f;c
5(

AX) — 24X — 4X5 + 24X, — 16X5 + 8X¢ + 24X7) SV ko f3 1,

©l-

S8

Q= 2o(=3X) + 18X, + 3X;3 — 18X, + 12X;5 + 12X — 72X7) i by 2



The coefficients for Si(111) quadrupole contribution are given by:
b2y= L2(5X; + 6Xo — 5X3 — 6X4 — 20X5 + 4Xg — 24X7) fy k. f2

Qo= £ (—X1 +6Xy + X3 — 6X4 + 4X; + 4X — 24X7) £ ki £

Q _
agp=

55 (2X1 + 24X + 16 X3 + 30X, — 8X5 — 8X5 — 24X7) fiV ko fi+
52X +12X5 + 4X; + 6 X, — 8X5 — 8Xe) £k, f2
bgp= Y2(—X1 — 6Xz + X3 + 6X4 +4X;5 + 4X6) (fSV k. + ko) 2

Fp= (X1 — 6Xy — X3 + 6X4 — 4X5 — 4Xg + 24X7) f£ ki, f1

Q _
aps=

(24X, — 24X — 24X + 48Xs + 72X7) fVk f2 £+

w

1

(16X, + 48Xy — 16X3 — 48X, + 80X5 — 16X — 48X7) fs k. fuf3+

(o)

10X, + 48X, + 8X3 + 6 X4 + 32X + 32Xg + 24X7) f S by f2+

&l

36X, — 36X + 36X + 36X, + 72X7) £k, 22+

&l

&l

6X1 + 36X, + 12X;3 + 18X, — 24X5 — 24X¢) f Yk, f4+

&=

24X, + 48X3 + 48X + 48X — 144X7) fVk, f2£2+

&l

AX| + 48X + 8X3 + 24X, + 32X + 32X + 96X7) £k, f44+

&~

1

(
(
(
(4X; + 48Xy + 8X3 + 24X, — 16X5 — 16Xg — 48X7) f$ky f1+
(
(
(
36 (

24X — 24X3 + 48X5 — 24X¢ + 72X7) f ko f3 o+

(o]
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L (16X, + 48X, — 16X3 — 48X, — 16 X5 + 80X — 48X7) XV ky fu 2

=

gs:

Y2(5X1 + 6Xp — 5X3 — 6Xy — 20X5 + 4Xs — 24X7) f{Vk, [+
12X1 — 36Xy — 12X3 + 36X, + 24X — 48X¢) fSV k, £2 24
20X — 48X + 4X3 — 24X, — 8X5 — 8Xg — 96X7) f8 ko f2 £, +
8X1 + 24X, — 8X;3 + 24Xy — 32X5 — 32X¢ + 48X7) SV ko fo f3+
8X1 — 48X + 62X3 — 24X, — 8X5 — 8Xg + 48X7) fVk, 3 £+
5X1 + 6Xy — 5X3 — 6X, + 4X5 — 20X — 24X7) iV ko f2+

12X; — 36X5 — 12X3 + 36Xy — 48X;5 + 24X6) fV kp f212

cBo= 35(X1 — 6Xp — Xy + 6Xy — 4X5 — 4X + 24X7) fi ko f1
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